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Definition: A homomorphism of rings is a function f: R — S’ such that
L fla+0b) = f(a)+ f(b)
2. f(ab) = f(a)f(b)
3. f)y=1
Definition: Let R be a ring. There is a unique homomorphism ¢: Z — R given by ¢(n) = n, called the

characteristic homomorphism. Since Z is a PID, there is a unique nonnegative n € Z such that ker ¢ = (n).
The characteristic of R is n.

Definition: An extension of fields is a pair of fields L, K such that K C L. It’s written L/K.

The degree of L/K is the dimension of L as a K-vector space.
Recall: Let F be a field, R a non-zero ring, ¢: F' — R a homomorphism. Then ¢ is 1-1.

If p(z) € Flz] is irreducible, then F[z]/(p(z)) is a field. As an extension of F', it has degree deg(p), with basis
{1,z,... ,xdcg(p)_l}.

Definition: Let K be a field. A K-algebra is a ring R that contains K.
Definition: A K-algebra homomorphism is a function f: R — S that is a ring homomorphism satisfying
fla)=aforall a € K.

f(ab) = f(a)f(b)
flev) = cf(v)

Note that a K-algebra homomorphism is also, equivalently, a ring homomorphism that is also a K-linear
transformation.

Theorem: Let L/K be an extension of fields, p(z) € KJ[z]| an irreducible polynomial, & € L an element
satisfying p(a) = 0. Then ¢: K[x]/(p(x)) — K(«) given by ¢(f(z)) = f(a) is a K-algebra isomorphism.
Proof: Not doing it. O
So {1,a,a?,...,a%eP)~1} is a basis for K(a) over K.

Definition: In this context, p(x) is called a minimal polynomial for « over K. It is unique to multiplication
by a nonzero element of K.

Theorem: Let p(x) be a minimal polynomial for o over K. If f(z) € K|z] satisfies f(«) = 0, then p(x) | f(z).
Proof: Not doing it. 0
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Definition: Let K be a field, L an extension of K, a € L an element. Then « is algebraic over K iff there is
a polynomial p(z) € K[x], p(z) # 0, such that p(a) = 0. (Otherwise, « is transcendental over K.) We say
L/K is algebraic iff every element of L is algebraic over K.

L/K is finite iff [L: K]V < oo.

Theorem: Let L/K be a finite extension. Then L/K is algebraic.
Proof: Let a € L be any element. Let n = [L : K]. The n+1 vectors 1, a, o2, ..., o™ are linearly dependent,

D=dimg L



so there exist ag, a1, ..., a, € K such that ag + a1+ -+ - + a,a™ = 0, but not all of the a;s are 0. So « is
algebraic over K, since it’s a root of p(z) = ag + a1z + - - - + apa™ € K|z]. O

Example: Q(v/2,v3,v5,V/7,4/11,...) is algebraic over Q, but not finite.
Theorem: (KLM)

M
L [M:K]=[M:L]L: K]
m l
K
Proof: Let {ay,...,a;} be a basis for L/K, {b1,...,b,} be a basis for M/L. Consider {a;b;} jeq1,...1} -

je{l,...m}
Show that this set is a basis for M /K, from which the theorem immediately follows.
Linear independence: Assume Zi’j vi,ja:b; = 0 for some ;; € K. Then Zj (ZZ 'yijai)bj =0.

Since {b;} is linearly independent over L, we get >, 7;;a; = 0 for all j. Since {a;} is linearly independent
over K, we conclude that v;; = 0, for all 7, j.

Spanning: Choose a € M. Then
a= Z ciby,
J
for some ¢; € L. For each j, there are ;; in K such that ¢; = >, vij0;. Then:

o= ijaibj,
,J

and we're done. O
Let L/K be an extension of field. Let L*# be the set of elements of L algebraic over K.

Theorem: L8 is a field.
Proof: Let o € L% be any element. Then K(a)/K is finite, because its degree is the degree of a minimal
polynomial for a/ K, which exists because a/K is algebraic. If 3 € L## is any other element, then K(8)/K

is finite too.
K(a,B) = K(a)K(B)
K(B)
K

So K(a, ) is also finite. It contains a + 3, a — 3, a8, and a/f (if 3 # 0), so all these must be in L2, [
The field L# is called the algebraic closure of K in L.

Definition: Let M/K be an extension. Let E, F' C M be subfields of M containing K. The compositum
(composite) of E and F over K is EF, defined to be the smallest subfield of M that contains E and F.
IfE=K(ay,...,an), F=K(B1,...,8m), then EF = K(ay,...,0n, 81, -, Bm)-

Splitting Fields
Let L/K be an extension, p(z) € K|x] a non-constant polynomial. Then L is a splitting field for p(x) over K
iff:

K(a) finite, by KLM.




(1) p(z) =c(lx —ag) - (z — ay,) for some ¢, a; € L, and
(2) L=K(a1,...,an).

Example: A splitting field for 2% — 2 over Q is Q(v/2,iv/2, —v/2, —iv/2) = Q(v/2,1).
Example: A splitting field for 2® + 2 + 1 over Fy = Z/27Z is Fa(ay, az, a3) = Fg, the field with 8 elements.
(Note ay, as, az are the roots of 2% + 2 + 1 in Fg.)
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Splitting Fields
Let K be a field, p(x) € K[z] a non-constant polynomial A splitting field for p(z) over K is a field L such
that:

(1) p(z) =c(x —ay)---(x — ay) for some ¢, ay, ..., a, € L and
(@) L=K(o,....an)

Fact: Up to isomorphism, there is exactly one splitting field for a given p(z) over K.
Definition: A finite field extension L/K is normal 4ff L is the splitting field for some p(x) € K|[z].

Note:
K(ay,...,an)

degree < n!

Definition: Let K be a field. An algebraic closure of K is a field K such that:
(1) L/K is algebraic
(2) Every non-constant polynomial p(x) € K[z] splits into linear factors in L[z].

Fact: Up to isomorphism, there is exactly one algebraic closure of K.
Definition: A field K is algebraically closed iff every non-constant p(z) € K|z] splits into linear factors in
Kz].

Theorem: Any algebraic closure of a field K is algebraically closed.

Proof: Let L be an algebraic closure of K, and let p(z) € L[z] be any non-constant polynomial. Proceed by
induction on deg(p). The base case deg(p) = 1 is trivial.

Assume every polynomial of deg < n splits, and let deg(p) = n + 1. If p is reducible, we're done. If not, let
M/L be a splitting field for p(z) over L.

Any root @ € M of p(z) is algebraic over L. But L is algebraic over K, so M is also algebraic over K. Let
q(z) € K[z] be a minimal polynomial for o over K. Then since ¢(z) = 0, we get p(z) | ¢(z), and ¢(x) splits
into linear factors over K, so p(x) does too. O



Example: Union is IFT,

F s
]:Fplo Fpél Fp6 ]:Fpg ((:
]Fp5 FPQ % Fp? .

Fp, =Z/pZ

Definition: Let K be a field, p(x) € K[z] a non-constant polynomial. We say that p(z) is separable over K

iff ged(p,p’) = 1.
Definition: The derivative of ag + a1 + - -+ + a,z™ is a; + 2asx + - - - + na,z" .

Theorem:
(pg)" =p'q+pd
(ptq) =p +q
(cp) =cpifce K
Proof: As if. O
Theorem: Let p(z) = ¢[],;(x — a;)™ for distinct a; € K. Then z — a; | p'(x) iff (x —a;)? | p(x).
Proof: Backwards: p(z) = (z — a;)%q(x), so p'(z) = 2(x — a;)q(x) + (x — a;)%¢'(x) which has a factor of
Xr — a;.
Forwards: p'(z) = (x — a;)q(z)
= p'(z) = q(2) + (x — a;)¢(2)
= 0=7p'(a;) = q(a;)
sox—a;|q(x) = (v—a;)?|p(x) =

So p(x) is separable iff it has no multiple roots in any extension of K.
Definition: Let L/K be an extension, o € L, « algebraic over K. Then « is separable over K iff its minimal
polynomial over K is separable.
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Fact: p(z) is separable iff ged(p,p’) = 1.

Definition: Let L/K be a field extension, a € L an algebraic element. Then « is separable over K iff the
minimal polynomial for «/K is separable. We say L/K is separable iff every a € L is separable over K.
Definition: A field K is perfect iff every finite extension of K is separable.

Theorem: If char K = 0, then K is perfect.

Proof: Let L/K be an extension, o € L an algebraic element, p(z) € K[z] its minimal polynomial over K.
Then p(x) is irreducible in K[z]. If & € K, then « is trivially separable over K.

If not, then p’(x) is non-constant, of degree smaller than deg(p). So deg(ged(p,p’)) < deg(p). Since p is
irreducible, we conclude ged(p,p’) = 1. O
What kind of polynomial has 0 derivative? Say char K = [.

p(r) = ap+ a1z + -+ aa”
— p/(z) = ay + 2097 + - + napaz™ !

If p’ = 0 then ia; = 0 for all ¢. This is equivalent to demanding a; = 0 for all 7 prime to p.

So p'(z) =0 iff
l l

p(x) = ap + ajx anz® + -+ aya”



Definition: Let K be a field of characteristic [ # 0. Define the Frobenius homomorphism
Frob;: K — K

by Frob;(a) = a'.
Theorem: If char K = # 0, then (a +b)! = a' + b for all a, b € K.

l
A
: b I _ Zbl—z
Proof: (a+b) Z (i)a
If i # 0,1, () = gy is divisible by I, so:
=d+v O

Theorem: Let K be a field of characteristic [ # 0. Then K is perfect iff Frob;: K — K is onto (is an
isomorphism).

Proof: Backwards: Assume Frob; is onto, and let « be any algebraic element in an extension L/K. Let p(z)
be a minimal polynomial for a/K.

If p'(x) # 0, then ged(p,p’) = 1, and so « is separable over K. If p’(z) = 0, then:

p(x) = ag + iz’ + -+ ayz™
(since Froby is onto) = (bo)! + (b1)'z! + - - + (bp)'z™
= (bo+brz+--- 4 byz™)

which is reducible. This is impossible, so p’ # 0.

Forwards: Since Frob; is not onto, there is some a € K such that a # b for any b € K. Consider 2! — a, and
let F/K be a splitting field for 2! — a. There is some root a € F of 2! — a:

ol —a=0
— 2l —a=2'—d = (z - )
Since o ¢ K, its minimal polynomial p(x) over K has degree at least 2, and it’s a factor of (z — a)'. So p(z)
isn’t separable. O

Theorem: Every finite field is perfect.
Proof: Frob;, on a finite field is a 1-1 function from a finite set to itself. It’s therefore onto. O
Example: F;(T) is imperfect, since T is not the {th power of any rational function, for degree reasons.

T ,qeClzx
Clo) = {557+ 450" }

T q€F,[T
F(T) = { 5y

Definition: Let L/K be a finite extension. The separable closure of K in L is the set of all elements of L
that are separable over K.

Theorem: The separable closure of K in L is a field.

Proof: Let K®°P be the separable closure of K in L. Let o, € K*°P be elements.
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Cyclotomic extensions
Let n be an integer, ¢, € C a primitive root of unity; i.e., {, = (62’”/")“ for some integer a prime to n. The
nth cyclotomic extension of Q is Q({,). Note that this is independent of a.

n Q(¢n) degree over Q
1 Q 1

2 Q 1

31 Q(G)=Q(v-3) 2

4 Q1) 2

b) 4

6 Qv-3) 2

n o(n)

Definition: The group p,, is the group of nth roots of unity with respect to multiplication.
We have 1, = C,, (or Z/nZ), with generator e2™/™, via:

e2ma/m s g mod n

Note Q(gn) = Q(Mn)
Note that if d | n, then pg C .

Definition: The nth cyclotomic polynomial is

n

" —1= H (x—a)= H(x_BQWia/n)

€y a=1
¢n(x) _ H (.TC _ ewia/n)
(a,n)=1

Note that 2" — 1 =[], ¢a(z)
Note ¢, (x) has degree ¢(n) = # integers prime to n between 0 and n.
Theorem: ¢, (x) € Z[z], and is primitive. Proof: By induction on n. If n = 1, ¢, () =  — 1 and we're

done.
Now assume ¢y (z) € Z[z] for all k& < n, and consider ¢, (x). We have

" —1= H¢d($)
d|n

= én(2) [] dal@)
i

Since 2" — 1, ¢q(z) € Z[z] for d < n, we deduce ¢, (z) € Q[z]. Since Z is a UFD and since [] ¢q4(z) is
primitive (by Gauss’ Lemma), we conclude by Gauss’ Lemma that ¢, () € Z[z]. ¢, (z) is primitive because
it’s monic. O
Theorem: ¢, (x) is irreducible over Q.

Proof: By Gauss’ Lemma, it suffices to show that ¢, (z) is irreducible over Z. Assume ¢, () = f(x)g(z)
for irreducible f(x) over Q, f(x), g(x) € Z[x]. Let ¢, be come primitive nth root of unity. Note that if p is
prime, p t n, then ¢,(¢2) =0. f({,) =0

Since ™ — 1 is separable, so is ¢, (z), so there are 2 cases:

Case I: g(¢P) = 0 for some prime p. Then (, is a root of g(zP). Since f(¢,) = 0 and f is irreducible, we get

g9(a”) = f(z)h(x)



for some h(z) € Z[z]. Reducing mod p:

g(z") = f(z)h(z) mod p
= g(z)? = f(z)h(z) mod p

so ged(f, g) #Z 1 mod p.

So ¢n(x) = f(x)g(x) has a multiple root mod p. But this is impossible, since ¢, (x) | 2 — 1 and 2™ — 1 is
separable mod p (since p1n). So we are in:

Case II: g(¢?) # 0 for all primes p t n. In this case, g(¢%) for all a prime to n. Since g | ¢, (x), this means
g(z) is constant and ¢, (x) is irreducible. O

So ¢, has minimal polynomial ¢, (z) over Q. Since deg(¢,(x)) = ¢(n), we conclude:

[Q(¢n) : Q] = ¢(n)

If n = p is prime, then ¢,(z) = ijll =P 4P 24 4L

x
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Let K/F be a field extension. Then Autp(K) is the set of F-algebra isomorphisms ¢: K — K.
Example: Auty(K) = {1}?

(An automorphism is an isomorphism of an object with itself.)

Example: Autg(C) = {1,0} where o is complex conjugation.

Example: Autg(Q(v2)) = {1,0} where o(a + bv2) = a — by/2.

Example: If D ¢ F, then Autz(F(v/D)) = {1,0}, where o(a + bv/D) = a — bv/D.

i?=—-1 = o(i*) = o(~1)

= o(i)? = -1
Theorem: Let p(x) € F[z] be any polynomial, F/F an extension, ¢ € Autp(E). If a € E is a root of p(x),

then so is o(a).
Proof: Let p(x) = ag + a1z + - - + a,a™ for a; € F. Then:

ao+ a1+ -+ apa”

= o(ap+ -+ aa”

= o(ag) + -+ o(ay)o(a)”
= ap+ -+ o(a)"

= plo(a))

|
o o o o o

O

Since o is 1-1, it follows that it permutes the roots of p(z).

Example: Autg(Q(/2)) = {1}, because 0(¥/2)® =2 = o(/2) = V/2 since Q(¥/2) C R.

Theorem: Let S C Autp(K) be any subset. Let E={a € K :o(a) =aforallo € S}.

(E is called the fixed field of S.)

Then FE is a field.

Proof: It suffices to show 0, 1 € E (clear) and that E is closed under +, —, -, and +. Thus, pick any a,
be E. Then for all 0 € S, o(a) =a & o(b) =b, so g(a + b) = o(a) + o(b), and similarly for the rest. O

Theorem: Let T C K be any subset. Let H = {0 € Autp(K) :0(a) =aforalla € T'}.
Then H is a subgroup of Autp(K).
Proof: It suffices to show 1 € H (clear) and H closed under composition and inversion. This is easy:

01€H,00 € H = oj(a)=afori=1,2

so o7 Ha) = a and 01 (02(a)) = 01(a) = a O

2)id



Autp(K) | K/F
S iﬁxedﬁeld,FCEcK

fixing automorphisms H subgroup T

Notice that the fixed field of S is the same as the fixed field of the subgroup generated by S.
Notice also that if T C K is any subset, then the automorphisms fixing 7" are the same as the automorphisms
fixing F(T).

In particular, if o € K is any element, then the F-algebra homomorphisms of K fixing a are precisely the
F-algebra homomorphisms fixing F(«).

For instance, o € Autg(C) fixes v/2 iff it fixes Q(v/2).

If H, C Hs, then fix(Hs) C fix(Hy). If By C Fy, then Hy® C HY.

Autg(C) | C/R
{1 | C/R
{1,¢} | R/R

For which field extensions K/F is this correspondence a bijection?
Answer: Splitting fields. Almost.
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Theorem: Let E/F be a field extension of degree n, and assume that F is the spitting field of a polynomial
p(z) € Flz]. Let L be a field, ¢: F' — L a homomorphism, and assume that ¢(p(z)) splits into linear factors
in L[z]. Then there is a homomorphism ¢ : E — L extending ¢, and there are at most n such extensions v,
with equality iff p(x) is separable.

roots of ¢(p(x))

E 1 E/ F/5) / /
= (af,...,a0) L
v Plowgl

E=f
E' =91 (E) = ¢2(E)
Proof: The existence of ¢ follows from the existence & uniqueness of splitting fields up to isomorphism.

Induce on n. Base case n = 1 is trivial, so assume the theorem for extensions of degree < n — 1. Let ¢(z) be
an irreducible factor of p(z) of degree at least 2. Let o € E be a root of ¢(x). Then:

E v L

fla) ————— K(¢(a))

There are m choices of =, where
m = # of distinct roots of g(z)

F— % K= y(F)

E is the splitting field for p(z) over f(«). By induction, there are at most [E : F(«)] choices of ¢ for any
given =, with equality iff p(z) has distinct roots. The number of choices of = is at most deg(p(z)), with
equality iff ¢(x) has distinct roots. So the number of choices of 1 in total is:

[E: F(o)]|[F(a): F]=[E: F]=n,

3>AutE2 (K)
4>AutE1 (K)
g(F)



with equality iff p(x) is separable. O

Corollary: If F is a splitting field of some polynomial over F, then # Autr(F) < [E : F], with equality iff
p(z) is separable.

Definition: A finite extension E/F is Galois iff # Autp(E) = [E : F].

Corollary: Splitting fields of separable polynomials are Galois.

Definition: If E/F is Galois, then Gal(E/F) = Autp(E) is the Galois group of E/F.
Example: Gal(K/K) = {1}.

Example: Gal(C/R) = {1,0}, 0 = complex conjugation

Example: Q(+4/2)/Q is not Galois! Because [Q(v/2) : Q] = 3, but Autg(Q(v/2)) = {1}.
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Shuntaro Yamagishi

If E is a splitting field for a separable polynomial in F[z], then E/F is Galois. If F is perfect (e.g., if
char F' = 0 or F is finite) then every splitting field over F is Galois.

Example: Q(v2,v/3)/Q:
To determine a homomorphism from Q(\@, \/g) to itself, it is enough to figure out where v/2 & /3 go.

V22

Vi ivs are the only possibilities.

Clearly

All four possibilities work, if you check them, so # Autg(Q(v/2,v/3)) > 4. Since [Q(v/2,V3) : Q] = 4, we
conclude that # Autg(Q(v/2,v/3)) = 4, and Q(v/2,/3)/Q is Galois.

Gal(Q(v2,V3)/Q) = (2/2Z) x (Z/2L).

This group has 5 subgroups.

{1} — Q(V2,V3)
{1,03} — QW3
{1,090} — Qv2)
{1,06} — Q)

{l,09,03,06} <— Q

Example: Fsy3/F;
343 = splitting field of x°*° — x over 7. Since x
F343. It’s an Fr-automorphism of Fzy3.

343 343

—x is separable, Fs43/F7 is Galois. Let 0 = Frobr: Fay3 —

Fsus & Fr[z]/(2® — 2) 22 F7(V/2)
Let Larry, Curly and Moe be the three cube roots of two Fsys.

o(Larry) = Curly (wlog)
o(Curly) = Moe
o(Moe) = Larry

So {1,0,0?} are three different F7-automorphisms of F343. So F343/F7 is Galois.

a4+ bv2+ cv3 +dv6 = a+bv2 — /3 — dv6
Na+bv2+cvV3+dV6 — a—bv2 —cv/3 +dVe




Example: Q(v/2)/Q. Degree 4.
Q(v2)

id
} Galois: {aer Y25 a—b 2
a,beQ(v2)
Q(v2)

id
Galois: { a+bv2—a—bv?2
a,beQ

2

2

Q
Autg(Q(v/2)) = {id, o} which is too small! So Q(+v/2)/Q is not Galois.

Definition: Let G be a group, K a field, V' a (finite-dimensional) K-vector space, GL(V') the group of
invertible K-linear transformations V- — V. (e.g., V= K", GL(V) = M, (K).)
A representation of G with values in V' is a homomorphism p: G — GL(V).
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Definition: G a group, K a field, V a K-vector space. A representation of G in V is a homomorphism
p: G — GL®(V)
dimp =dimV
We’ll work with 1-dimensional representations, called characters:
Example: Dirichlet characters:
p:Z/nZ — C
2mim/n

p(m) =e
Example: K, L fields, ¢: K — L a homomorphism. Then ¢|x~ is a 1-dim representation of K* in L.

Theorem: Let G be a group, L a field, x1, ..., X, a set of distinct characters of G over L. Then {x1,...,Xr}
are linearly independent over L.

Proof: Assume not, and let (after possibly renumbering) {x1,...,Xx:} be an L-linear dependent subset of
minimal size. Then there are aq, ..., a; € L such that

aixi(g) +- - +ax(9) =0
for all g € G. Note t > 2, and choose v € G such that x1(v) # x¢(7). Then
arx1(V)x(g) + -+ + arxe()xi(g) = 0

and — arx:(V)x1(g) + -+ axa(v)x1(g) = 0
= (nonzero)xi(g) + - - - + (something)x;—1(g) =0

so {x1,--.,Xt—1} is linearly dependent, which is a contradiction. O

Theorem: Let K/FE be a field extension, F and E-subfield of K. Let G = {01 = 1,09,...,0,} be
FE-automorphisms of K whose fixed field is F. If G is a group, then

#G =K : F].
Proof: Let m = [K : F|, {w1,...,w,} an F-basis of K. Define

Ui(wl)
v; = GKm

oi(wpm)

8)invertible K-linear transformation V — V

10



There are n vectors in v;. If we show that the v;s are K-linear independent it will follow that n < m. Thus,
say ai, ..., a, € K satisfy:
aiv1 + -+ apv, =0.

We want to show a; = 0 for all i. Well:
aro1(w;) + -+ apop(w;) =0
for all j. Since {wr, ..., wy,} is a basis for K/F, and since the o; are all F-linear transformations, we get
aror(a) + -+ apop(a) =0

for any o € K. Since the ;s are characters of K* in K, they’re K-linearly independent so a; = 0 for all i. So
#G < [K : F]. Let ay, ..., apt1 € K be any elements. If we show it’s linearly independent over F', then
dimg K < n. Define

01 (CVZ)

on(a;)
There are n + 1 of the wu;s, so they are linearly dependent over K.
Choose f1, ..., Bnt1 € K such that

(1) Brur + -+ + Bny1Uns1 =0
(2) A minimal # of §; are 0.
and (3) Pi, ..., B¢ are nonzero, Bii1, - .., Bny1 =0, By = 1.
If all B; are in F, then {ay,...,ay41} is linearly dependent over F, by looking at first coordinate of (1).

If not, assume without loss of generality that 8; ¢ F. Choose o (in G) such that o(f1) # S1. Then:
o(Br)o(ur) + - +o(B)o(u) =0
But o acts on each u; by permuting the coordinates in the same way. So:

o(B)ur + -+ o(B)us =0

Subtraction with (1) gives:
[ﬁl - 0(51)]111 +- [5,5 — J(ﬁt)]g)ut =0

So this relation has fewer nonzero terms, which is a contradiction. So 8; € F for all i, and we’re done.
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Theorem: Let K/F be a Galois extension. If p(z) € F[z] is irreducible and has a root in K, then p(z) splits
into linear factors in K[xz], and p(z) is separable.

Proof: Let G = Gal(K/F) = {01,02,...,0n}, 0 € K, p(a) = 0. Let a; = 0y(a) be the conjugates of a.
Define f(z) = [[,'”(z — a;). Then G acts on the roots of f(z) by permutation, so the coefficients of f(x)
are fixed by G.

The fixed field of G is a field that contains F' and of which K is a degree n extension, so it is F.

Now, f(a) =0, so p(z) | f(x). Since p(a;) = 0 for all 4, we get f(z) | p(x), and so f(x) is also irreducible (it’s
a constant times p(z)). Furthermore, p(z) has all its roots in K, and it’s separable (because f(z) is). O

Theorem: Let K/F be a finite extension. Then K/F is Galois iff K is the splitting field for a separable
polynomial in F[z].

Proof: Let {wi,...,w,} be an F-basis of K. Let p;(z) be a minimal polynomial for w; over F. Let
g(x) = lem(p;(x)). Then since each p;(x) is separable, so is g(z). Since each p;(z) splits in K, so does g(x).
Since K = F(ws,...,w,), K is a splitting field for g(x) over F.

9) zero!
10) distinct a;
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Theorem: Let K/F be a finite extension. Then K/F' is Galois iff it is normal and separable.

Proof: Forwards: Galois — normal, done.

If o € K, then its minimal polynomial p(z) € F|x] is separable, so K/F is separable.

Backwards: Follows immediately from previous theorem. O

Theorem: (The Fundamental Theorem of Galois Theory).
Let K/F be a finite Galois extension, G = Gal(K/F). Then there is a bijection between subgroups of G and
F-subfields of K given by:

E +—— {0 € G such that o(a) = « for all a € E}
{a € E such that

o(a)=«a } «—— H
for all c € H

Moreover, if E1, F5 «— Hy, Hy, then:

F-subfields of K Subgroups of G
Ey, C B4 — H, C Hy
(K : F) = #H
[E: F) = |G : H|
Gal(K/E) = Autg K = H
Homp(E, K)'V = G/H™
{E/GFall(bE(;f;'l;)lb (ﬂ H is n%r/mHal in G}
E1 n E2 — HlHQ
E1E2 A d H1 N H2

Example: Q(v/2,v3)/Q.
The Fundamental Theorem says that Q(v/2,v/3) has five Q-subfields.

Q(v2,v3)

PN
QAv2) QV6) QV3)
\ @ /

Gal(Q(v2,v3)/Q) = {(0,0), (0,1), (1,0), (1, 1)}

(0,0}
/ \

{(0,0),(0,1)} {(0,0), (1,1)} {(0,0), (1,0)}

\/

Gal(Q(v2,v3)/Q)
PMATH 442 Lecture 11: October 5, 2011

Theorem: (FTGT)

D pointed set
12)pointed set
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Let K/F be a Galois extension, G = Gal(K/F'). Then there is a bijection

{F—Eu(l):ofﬁ%ds} PR {Subgroups}

H of G
B {5622k}
a € K such that
{ o(a) = a for }HH
allc € H
F-fields Subgroups
E1 C E2 <— Hz C H1
[K : E] = #H
[E: F] = #G/H=|G: H|
Gal(K/E) = Autg(K) = H
Homp(E, K) = G/H
E/F Galois — H is normal
(in the case Gal(E/F) = G/H)
Ei1NEy — H H,
F1Es — HiN Hy

Proof: We will show that if H; and Hs are subgroups of G with the same fixed field F, then H; = Hs. Then
FE is also the fixed field of H{Hs, so

[K: E]=#H, =#Hy = #H H,
SO H1 :HQ.

Now let E C K be any F-subfield. Then [K : E] = # Gal(K/E) because K/E is Galois.
But Gal(K/FE) is a subgroup of G, so:

(1) E C fixed field of Gal(K/FE)
and (2) [K : fixed field] = [K : E]
so E is the fixed field of Gal(K/E).
So the given correspondence is a bijection, as desired.

The inclusion-reversing property is clear.

We already proved [K : E| = #H. KLM and #H (#G/H) = #G suffice to show [E : F] = #G/H. We
already showed Gal(K/FE) is equal to H.

We will now show that Homp (F, K) = G/H as pointed sets.
Definition: A pointed set is an ordered pair (S, z) where z € S.
Definition: Let F be a field, A, As F-algebras. Then

HOmF(Al, Ag) _ {F—algeb(;a: Izcirifzn;rphism}
Remarks: Homp (A7, Ag) is, in general, just a set. If Ay C Ag, then Homp(A;, As) is a pointed set, with
distinguished element i: A; < As the inclusion.

Define ¢: G — Homy(E, K) by ¢(c) = o|g*®
This maps the distinguished element of G (namely id) to that of Homp(E, K) (namely inclusion E — K).

We know ¢ is onto because we proved that if K/F is Galois, then homomorphisms from E — K always
extend to all of K.
If ¢(o1) = ¢(02), then o1|g = 02|g, so 010;1|E = idg. This implies that 01051 € H = Gal(K/E), so for any
f € Homp(E, K) the set

{oeG:9(a)=f}

13)the restriction of o to E
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is a left coset of H. So we’ve shown that G/H = Homp(E, K) as pointed sets.

We have the following lemma:

Lemma: Say K/F is normal, F C E C K fields. Then E/F is normal iff im ¢ = E for all homomorphisms
¢: E— K.

PMATH 442 Lecture 12: October 7, 2011

Office hours Tuesday Oct. 11 moved to 3:30—4:30.

Lemma: Let K/F be a finite normal field extension. E an F-subfield of K. Then E/F is normal iff im¢ = E
for all F’-homomorphisms ¢: £ — K.

Proof of lemma: Write E = F(ay,...,a,).

Forwards: Assume E/F normal. Then we can choose the a;s so that p(x) = (x — aq) -+ (& — a,) is in Flx].
For each i, ¢(a;) is a root of p(x), so since ¢ is injective, it permutes the roots of p(z), so:

im¢ = ¢(E) = F(¢(ai),. .., 9(an))
=Flay,...,ap)
=F

Backwards: Assume that E/F is not normal. Then there is an irreducible p(x) € F[z] such that p(z) has a
root a € E, but p(x) does not split in E. Since p(x) splits in K, there is a root 8 of p(z) with g € K. Since
K/F is normal, and since p(z) splits in K, we can extend the isomorphism F'(«) = F(8) to a homomorphism
Y: K — K. Let ¢ = ¢|g. Then ¢p(a) =8 ¢ E,s0im¢ 7 E. O

We now return to our quest to show that E/F is Galois iff H is a normal subgroup of G.
The lemma implies that E/F is Galois iff Homp(E, K) 2 Autp(E) as pointed sets.

Let o € Autp(E). The subgroup of G fixing o(E) is cHo™!. So o(E) = E forall 0 € G iff cHo~! = H for
all 0 € G. So E/F is Galois iff H is normal in G.

In that case, the map ¢: G — Gal(E/F), ¢(0) = o|g, is an onto homomorphism ker ¢ = H, so induces an
isomorphism G/H — Gal(E/F).

We just need to show F; N E5 corresponds to Hy Hy, and that E1Fs corresponds to Hy N Hs.

If 0 € Hi1Ho, then certainly o fixes F1 N E5. Conversely, let E be the fixed field of HyHy. Then B4 N Ey; C E,
and since Hq H> is the smallest subgroup of G containing Hy, & Ho, it follows that E is the largest F-subfield of
K contained in E; and Es. But Ey N Es is the largest F-subfield of K contained in Fy & Fo, so E = E; N Es.

Similarly, Fy E5 is the smallest F-subfield of K containing F; & Fs so it corresponds to the largest subgroup
of G contained in Hy & Hs, namely Hy, N Ho. O

Example: Q(V/2,7) = K, v = >™/3. What is Gal(K/Q), and what are the Q-subfields of K?

Gal(K/Q): ¢ | ¢(V/2) | ¢(v)
d|{ V2 | ~

W2 | v

V2| v
V2 |y
W2 | v
V2|

Since ¢ is determined by ¢(3/2) and ¢(7), and since [K : Q] = 6, we know these six rows are all represented
by elements of Gal(K/Q).

PMATH 442 Lecture 13: October 12, 2011

(\fv)/ e?mi/3
={V2, va\f}

NN N
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G = Gal(Q(V2,7)/Q)

G acts on S by permutations, and this action is an isomorphism of G with Ss.

Subgroups of G Q-subfield
{1} Q(v2,7)
{1, (ab)} Q(y*V/2)
{1, (ac)} Q(yV2)
{1, (bc)} Q(V2)
{1, (abc), (acb)}  Q(v)
G Q

Example: Compute the Galois group of z# — 2.
Solution: The splitting field is Q(+/2,7) which has degree 8 over Q.

Any Q-automorphism of Q(v/2,i) takes i — +i and v/2 to ++v/2 or +iv/2, and any Q-automorphism is
completely determined by its action on /2 and 4. This gives at most 8 automorphisms, so since Q(v/2, i)/Q
is Galois of degree 8, they are all realised by actual automorphisms.

Let G = Gal(Q(v/2,7)/Q). Then G acts on S = {v/2,iv/2,—v/2, —iv/2} by permutations. So there is a
a b c d

homomorphism v: G — S, which is injective because if ¢ € kert then o(i) = i & o(v/2) = v/2. The
homomorphism v is given by:

Q-Automorphism Permutation of S
(i, V2) 1
(=i, ¥2) (bd)
(i,iv/2) (abcd)
(—i,iv/2) (ab)(cd)
(i, —¥/2) (ac)(bd)
(_iv - \Ayi) (ac)
(1, 71\4@) (adcd)
(i, —iV/2) (ad) (be)

iv2 (b)
/ \
V2 (o) V2 (a)
/

IS

~iv2 (d)

Note that every permutation in ¥ (G) preserves this square, so G i) D,. But #G = #D, = 8, so in fact ¢
induces an isomorphism of G with Dj.

One can, as in the previous case, use this to find all the Q-subfields of Q(~v/2,1).

Theorem: Let K be the splitting field of a separable polynomial f(x) over a field F. Then Gal(K/F) acts
transitively on the roots of f(x) if f(x) is irreducible.
Proof: Let o € K be a root of f(z). Define:

pix)= ] (z—o(@)
oeG
distinct o(z)
Then the coefficients of p(z) lie in the fixed field of G since p(z) is fixed by G. So p(z) € F[z]. But p(z) = 0,
so f(x) | p(x). However, since p(x) is separable and every root of p(z) is a root of f(x), we get p(z) | f(x).
So p(x) = ¢f(x) for some ¢ € F. Since G acts transitively on the roots of p(x), it acts transitively on the
roots of f(x). O

15



PMATH 442 Lecture 14: October 14, 2011

Galois Theory of Finite Fields
Say F'is a finite field. Then I has p™ elements for some prime p and integer n > 1. We write F' = F,n. A
finite extension of F is also a finite field, with p*" elements for some integer k > 1. Let E = Fykn. Then

[E:F] = [Fprn : Fpu] = k

F

. phn —7 ]Fpkn
Consider Frob,,:

EFE—-F

It’s an isomorphism, with fixed field F,,. In general, Frob, only fixes Fpn is n = 1, so Frob,, is not in Autp(E).
However, a?" = a iff @ € F = Fyn, 50 Fyn is the fixed field of (Frob,,)", the n-fold composition of Frob,, with
itself.

So let m = (Frob,)™. Then for each a € {1,...,k}, the a-fold composition 7 is an automorphism of Fx» = E
whose fixed field is Fpan N E = Fpon where g = ged(a, k). So 7 is an F-automorphism of E of order k. So
E/F is Galois with Gal(E/F) = {1,7,..., 7"} = Z/kZ.

Theorem: Say K/F is a finite Galois extension, F/F any finite extension.
KE
K E
KNE
F
Then KE/FE is Galois, and

[K: F|[E: F)
KNE:F

Proof: First, note that the formula follows formally from the isomorphism of Galois groups:

Gal(KE/E) = Gal(K/KNE)and [KE : F| =

KE:F|=|E: FI[KE : E|
=[E:F|[K:KnNE)|
[K : F|

=B e A

It therefore suffices to prove the theorem for ' = K N E.
E
E

F

K/K
N

K is the splitting field for some separable polynomial p(x) € F|x]. So KE is the splitting field for p(z) € E[x]
over E, and therefore KE/E is Galois.

Define ¢: Gal(KE/E) — Gal(K/F) by ¥ (o) = 0|k, which is well defined because K/F is Galois, so
im(o|x) = K. 9 is a homomorphism. If o € kert), then o|x = id. Since 0 € Gal(KE/FE), o|g = id too, so
oxp = id. So 1 is injective.
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Consider im . Its fixed field is, say, L. Then L C K, and every element of Gal(KE/FE) fixes L, so L C E.
But F C L,so L =K NE = F. Therefore im = Gal(K/F), and v is onto. O

Theorem: Say K;K,; are Galois extensions of F. Then K; N Ky and KKy are Galois over F, and
Gal(K1 K3 /F) is isomorphic to the fibre product of Gal(K;/F) and Gal(Ks/F) over Gal(K; N K3/ F).

KK,
K
KN K,
F
Definition: Let S, T, U be sets, with functions
T U
S

The fibre product of T and U over S is:
TxsU={(tu) e TxU: f(t) = glu) }

PMATH 442 Lecture 15: October 17, 2011

Definition: Let ¢: G — Sym(S) be a group action of G on a set S. Then ¢ is transitive iff for every a,
b e S, there is a g € G such that [¢(g)](a) = b.

Theorem: Let K, K5 be Galois extensions of F. Then K; N Ko and K, K> are Galois extensions of F', and
~ _ . o€Gal(K,/F) _
Gal(K1 K2/ F) = Gal(K:1 [ F) X Gaic s, /) Gal(Ka/F) = { (0,7)  ZEG80Y D oliesncs = s }

Proof: K; N K, is Galois over F because it’s contained in K, (& so is separable) and if p(z) € Flx] is
irreducible & has a root in K;, then by normality of K;/F it splits into linear factors in K;[z], and hence in
(K1 N Ky)[z]. So K1 N Ks/F is normal.

KK, /F is Galois because it’s a splitting field for lem(f, f2) over F, where K is a splitting field for f;(x)
over F.

Define ¢: Gal(K1K3/F) — G by (o) = (0|k,,0|k,). It’s clearly a homomorphism, and its image clearly
lives in G because (0|k, )|k, = (0], )|k, It’s also injective because o is determined by its values on K; &
K.

[Ky: F)[Ks : F)
(KN K : F|
_ #Gal(Ky/F)# Gal(K5 /F)
#Gal(K, N Ka/F)
— # Gal(K, /F)# Gal(Ks /K, N K»)

#Gal(KlKg/F) =

because there are [Ks : K1 N Ka| ways to extend 0|k, nk, to Ka.
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Therefore 1 is surjective and hence an isomorphism. O
In particular, if K1 N Ky = F, then

Gal(K K, /F) = Gal(K, /F) x Gal(K,/F)

Definition: Let K/F be a separable extension, and let L/F be a Galois extension containing K/F. The
Galois closure of K in L is the intersection of all Galois extensions of F' that contain K/F & are contained in
L.

Note: The Galois closure of K is a Galois extension of F'.

Other notes: Say K/F is finite & separable. Then K = F(aq,...,a,), so a splitting field for the lem of the
minimal polynomials over F' of the ;s is a Galois extension of F' containing K. In fact, this field is a Galois
closure of K over F. Any Galois closure of K is isomorphic to this one.

Fa5 2 F5(V/2)
(2v2)? = (3v/2)? = —2
(Va)(Vb) # Vab
1=1
— 1-1=(=1)(=1)

= V1-1=/(-1)(-1)
= VIV1=V-1V-1

= 1=-1

PMATH 442 Lecture 16: October 19, 2011

Theorem: (Primitive Element) Let K/F be a finite, separable field extension. Then K = F(«a) for some
a€ K.

Proof: First, note that is enough to show that K = F(«) iff K/F has finitely many subextensions. To
see this, assume we had proven that K = F(«) iff K has finitely many F-subfields. Then since K/F is
separable, there is a Galois extension L/F with K C L. By the Fundamental Theorem, L has only finitely
many F-subfields, so K also has only finitely many F-subfields. By our presumed fact, K = F(«) for some
ac K.

} WRONG!

Forwards: Assume K = F(a), and let E C K be an F-subfield. Let p(z) € F[z] be the monic minimal
polynomial for a/ F. Let p(x) = p1(x) - - - pn(2) be a factorization of p(z) into monic irreducibles in E[x]. Let
E' be the F-field generated by the coefficients of the p;(x). Note that K = F(«a) = E’(«) and « has the same
minimal polynomial over E and E’, so [K : E] = [K : E'], and hence E = E’ (since E' C E).

Backwards: Assume K has only finitely many F-subfields.

Case I: F' is infinite. Then it is enough to show that for any «, f in K, F(a,8) = F(v) for some
v € K. Since F is infinite, and since K has only finitely many F-subfields there exist ¢1, co € F such that
Fla+a1f) = Fla+c8) & ¢1 # ca.

(a+c1B) — (a4 c23)
C1 — C2
and a = (a+c18) —c1f € Fa+c1f)

Then 8 = € Fla+cip)

so we may take v = a + ¢10.

Case II: F finite, so K finite. By the classification of finite abelian groups, K* = K \ {0} = (Z/nZ) x - -+ x
(Z/nZ) with n; | njq for all i < 7. If r > 2, then there are at least n3 elements of K* with order dividing n.
This corresponds to at least n? different roots of #* — 1. This is a problem if ny > 1, so we deduce that r = 1
& K* is cyclic.

So K = F(«) where « is a generator of the cyclic group K*. O

Let’s compute Gal(Q(¢,,)/Q).
(, = primitive nth root of unity
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Well, [Q(¢,) : Q] = ¢(n)
= #(Z/nZ)*
=#{aec{l,...,n}: ged(a,n) =1}
We will find ¢(n) automorphisms of Q(¢,)/Q, which will imply that Q(¢,)/Q is Galois.

Let ¢, (x) = nth cyclotomic polynomial. The roots of (,(x) are the primitive nth roots of unity. They are all
powers of (,, so Q({,) is the splitting field for ¢, (z) over Q, and so Q(¢,)/Q is Galois.

Claim: Gal(Q((,)/Q) & (Z/nZ)*

via o .ﬂ ng@”)
log C»,

— a, where 0(¢,) = C¢

Proof of claim: It is easy to check that ¢ is a homomorphism. If /(o) = 1, then 0(¢,) = ¢, = o =1id,
so ¢ is 1-1. Since # Gal(Q(¢,)/Q) = #(Z/nZ)* = ¢(n), we see that 1) is onto. O claim

PMATH 442 Lecture 17: October 21, 2011

Computing Galois Groups
Given a polynomial f(z) € F[z], find the Galois group of a splitting field for f(x) over F[z]. Assume f(x) is
separable.

If F =F, and f() is irreducible, then splitting field is F 4, where d = deg(f), so Gal(F,a/Fy) = Z/dZ.

If FF = Q, the problem is much, much harder, in general.

Say deg(f(z)) = 2, f(x) irreducible. Then a splitting field has degree < 2!, so it has degree 2. Therefore its
Galois group is Z/27Z.

Now say deg(f(x)) = 3, f irreducible. Let K be the splitting field for f(x) over Q. Then Gal(K/Q) acts
transitively on the three roots of f(x), giving a homomorphism : Gal(K/Q) — S3. Moreover, v is 1-1
because 1 is completely determined by its values on the roots of f(x). The transitive subgroups of S5 are:

As (cyclic of order 3)
S3

Let F be a field, and let K = F(aq,...,a,) for indeterminates a;. S, acts on K by permuting the a;.
Let M = fixed field of S,,. Then [K : M] =n!l = #85,,.
Consider f(xz) = (x —ay)--- (x — ap). The coefficients of f(z) all lie in M. They are:

s; = sum of all products of 7 dinstinct a;s,

up to multiplication by +1. The polynomial s; is called the ith elementary symmetric polynomial.

Now, K is a splitting field for f(x) over M, and also K is a splitting field for f(z) over F(s1,...,s,) C M.
By comparing degrees, we see that M = F(s1,...,58,).

This action of S,, descends to Flay,...,a,]. If E/F is a splitting field for a separable polynomial p(z) € F[x],
then we get a homomorphism

¢ Gal(E/F) — Gal(K/M)

o — permutation corresponding to action of ¢ on roots of p(x), ordered.

1 is injective because o is determined by its values on the roots of p(x), so we can pretend Gal(E/F) is a
subgroup of Gal(K/M).

A, is a normal subgroup of S,,, of index 2. Its fixed field is therefore a quadratic extension of M. What is
this fixed field?
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Definition: Let R be a ring, 71, ..., r,, elements of R. The discriminant of ry, ..., r, is:

DiSC(’/‘l, - ,'rn) = H(Tl - rj)Z

i<j

This is symmetric in r1, ..., 7. The fixed field of 4,, in K is M(y/Disc(ay,...,ay)). So Gal(E/F) fixes
F(y/Disc(ay, . ..,an)) iff ¥(Gal(E/F)) C A,. This happens iff \/Disc(ai,...,a,) € F

PMATH 442 Lecture 18: October 26, 2011

Assume that 2 # 0.

F(ay,...,an)
Gal=G=S,
F(s1,...,8)

s; = ith elementary symmetric polynomial in a;s.
This is the splitting field for
(z—a1)- (x—an) = f(x).

If E/F is Galois, then Gal(E/F) embeds in Gal(F (a1, ...,a,)/F(s1,...,8,)) = S, by numbering the roots
ai, ..., oy of p(x) over F.

Define D(f(x)) = H(ai —a;)?
i<j
€ F(s1,...,5n)
F(s1,...,5n,VD) is the fixed field of A,,.
Definition: Let p(z) € F[z] be any polynomial p(z) = t, [, (x — o;). The discriminant of p(z) is
Disc(p(a)) = 22 [ (01 ~ )
i<j
Notice that this corresponds to D(f(z)) if p(x) is monic.

So F(V/D) is the fixed field of Gal(E/F) N A,,, where we view Gal(E/F) as a subgroup of S,, using the
correspondence described earlier (permutation action on the roots of p(z)).

Say p(x) has degree 3, E/F a splitting field. Assume 3 # 0. Then Gal(E/F) is either isomorphic to As or to
Ss. So Gal(E/F) = As iff F = F(v/D) iff D is a square in F.

How can we compute D without knowing the roots of p(z)?

Definition: Let f(z), g(z) be polynomials in Fx] for some field F, with f(x) = t,2™ + -+ + to, g(x) =
U™ + -+ - + ug. The resultant of f and g is:

ty th—1 e tO
tn tnfl tO
Res(f,g) = det tn  tn_1 -+ to | Y
Um  vvee i i i ug
U, vevee i ee e ()

4)m rows on top, n rows on bottom, main diagonal pointed out
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11 1
1 1 1
Res(z? 4z + 1,2% — 22+ 2) = det 1 1 1
1 0 -2 2
1 0 -2 2

Claim: Disc(p(z)) = Res(p,p’)

tn

Theorem: Let f(z) =t, [[\_;(z — &), g(x) = up [[;~, (x — B;) be polynomials in F[z]. Then:

Res(f,g) =ty uy H

Proof: Write ¢(z) =T, [[,(z —a;), ¥(z) = Uy, [ [;(z —b;), where all these a;s, b;s, T, Uy, are indeterminants
over F. It suffices to prove the theorem for ¢ & 1.

Note that #,, divides all the coefficients of ¢(z), and u,, divides all the coefficients u; of (z), so
Res(¢,¥) = t"uy, (sym poly in a;s & b;s)
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Let f(z) = tpa” + -+ to. Then
(=)= Res(f, [')

Disc(f) =
[2%
This is what we will prove, eventually.
n
Lemma: =t, H T — )
=1
m
= um H
=1

Then Res(f, g) = t3'up, [, (i — B;)
Proof of lemma: We showed Res(f, g) = t’ul, (symmetric polynomial in «;, 8;) by showing that

x) =T, H(x —a;)
) = Un [[(x - b3)

satisfy Res(¢,v¢) = T,"*U}}, - (some polynomial symmetric in a; and b;)
Next, we will show that Res(f,g) = 0 iff ged(f,g) # 1. To see this, note that ged(f,g) # 1 iff there are
polynomials p(x), q(z) of degrees at most m — 1, n — 1, respectively, such that fp = gq.

n—1

This is equivalent to saying that {f,zf,..., 2™ 1f,g,xg,...,2" 1g} is linearly dependent. Writing this out
in terms of the basis {1,z,...,2"T™ 1} we see that ged(f, g) # 1 iff

tn  tp—1 to
tn ... to
det by e to| 1) =0 =Res(f,g)
U, Um—1 ve e e v e (N
L U, vvev e ()

5
5)m TOWS, I TOWS
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Therefore, Res(¢, ¢) = CT*Uy, T1; ;(a; — b;) for some C € F'.
To find C, compute Res(z”,z™ — 1).

— det ! 16) = (_1)

=
R
s
]
=
I
Q
—.
s
=
|
&

N
Il
—

.
Il
_

I
Q
=

S

<.
Il
—_

ﬁj)n

I
2
|
=
3
S
—
—

Il
_

I
Q
|
=

3

3
—~
/r <.
N

3

+

=
~—

= C=1

g(i) = um, Hj(ai - B;)

= Res(f,g —thg ;)

m

nmanIB]

Now, Disc(f) = t%n_2 Hi<j(ai - O‘j)za and f'(a;) = % r=a; ln H;L:1 (z—a;) = Hj;éi(ai -

SO%_W 2Hf i)

= HH(a
i=1j#i
— (_1)n(n—1)/217)tin—2 H(az _ aj)Q
i<j

= (=12 Disc(f, f')

This proves the claim!

16)m rows, n rows
1) one factor of —1 for each pair (i,5), 4 # j
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Example: f(z) =22+ br+c

= Disc(f) = —Res(f, )
= —Res(2® + ba + ¢, 2z + b)

1 0
=—det |2 b
0 2

= —(b* + 4c — 2b*) = b* — 4c

OO

This looks familiar:

L bV e

2
PMATH 442 Lecture 20: October 31, 2011

- (=1)""~D/2 Res(f, ') 218

ise(/) lead coeff. of f g(a 2
If we add ¢ to all the «;, the product won’t change. In other words, Disc(f(x)) = Disc(f(z + ¢)) for all
constants c.

Disc(z® + az? + bz + ¢)
a= —Q1 — Q02 — Q3
If we subtract § from each «;, their sum will become zero:

b
(x—%)3+a(x—%)2+b(x—%)+c:x3—M—l—“;x—;—;—i—aﬁ—%w—l—%—l—bx—%—i—c
2

=x3+(b—%)x+(%—%”+c)

This has the same discriminant & Galois group as our original polynomial, and roots that only differ by £
from the original roots.

So, we can calculate a “general” discriminant of degree 3 by:

Disc(z® + ax + b) = (—1)3(3_1)/2 Res(f, f)

= - Res(fa f/)
(1 0 a b
1 0 b
=—det |3 0 a
3 0 a
i 3 0 a
1 0 a b 0
0 1 0 a b
=—det |0 0 —2a -3b O
0 0 O —2a —3b
0o 0 3 0 a

= —(4a® + 270%)
= —4q® — 272

18) o; are roots of f, with multiplicity
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Example: Compute the Galois group of 23 4 322 + 3, 2% + 322 — 3

(=13 +3(x—-1)%+3 w3 =3z — 1
=2’ —1-6x+3+3 Disc = —4(—3)% — 27(—1)?
=23 -3x+5 =108 — 27

Disc = —4(—3)3 — 27(5)? =81
=108 — 675 =92
= —567 — Cal = A3

Not a square, so

Galois group & Sy
Q: What are the transitive subgroups of S4?7 Possible orders:

Y ¥ X 4 K8 12 24
Cy Dy Ay Sy

CQ X CQ
In A4?
Cy: group generated by 4-cycle No
Cs5 x Cs: group of double-flips Yes
Dy: generated by double flips & one 4-cycle No
Ay: even permutations Yes
Sy4: all of ’em No

Let G be a finite group, S a finite set on which G acts. Then:

#G = Z(# orbits of a)(stab(a))

a€S
If S has 1 G-orbit, then #(orbit) | #G.

PMATH 442 Lecture 21: November 2, 2011

Question #6: Assume f & g are monic.
Tuesday November 8 4:30 MC 2065

Info session for Waterloo Math Grad School
Refreshments/Snacks

Galois Groups of degree 4 polynomials (irreducible):

Disc a square? | Gal group of resolvent

Cy x Oy Yes {1} (factors completely)
Cy No Sy (linear - quadratic)
Dy No Sy (linear - quadratic)
Ay Yes As (irreducible)
Sy No S3 (irreducible)
Resolvent cubic:
Let a1, ..., as be the roots of f(x). Then Gal(f(x)) permutes the following three elements of the splitting

field:

01 = (a1 + a2)(as + ayq)
2 = (a1 + a3) (a2 + o)
93 = (041 + 044)(OZ2 + OZ3)

So p(x) = (x — 01)(x — 02)(z — b3) has coeflicients in the ground field F.
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If f(z) = 2* + ax® + ba® + cx + d, then its discriminant and resolvent cubic are heinous. Substituting

x = x — 7 will eliminate the 2 term without changing the discriminant, galois group, or galois group &

splitting behaviour of the resolvent cubic.
So we assume a = 0. In that case:
= 16b%d — 4b%c? — 128b%d* + 144bc*d — 27c* + 256d°
& resolvent cubic is:
23— 2022 + (V? — 4d)z + 2

Example: Find Galois group of 2% + 222 — x 4 3 over Q.
Solution: Disc = not a square
Resolvent cubic:
23— 42 —8x 4+ 1 irreducible over Q (rational roots theorem)

— Gal = S,.
Example: Same for z* + 222 + 4.

Solution: Disc = 16 - 2% -4 — 128 - 2% . 4% 4 256 - 43
—9l0 _9l3 | ol4
=211 -8 +16)
_ 210 A 9
= (3-25)2
Resolvent: 2% — 42?2 — 122 = z(z — 6)(x + 2)
Therefore Gal = Cy x Cq

Theorem: Let f(x) be an irreducible polynomial in Z[z]|, primitive. Let p € Z be a prime such that
f(z) is separable mod p, and p does not divide the leading coefficient of f(z). If f(x) factors mod p as
f(x) = mi(x)---my(x), deg(m;) = d;, then Gal(f) over Q contains a permutation with cycle structure
(d1) -~ (dr).

Example: Compute Gal(x? + 522 + 11).

Previous techniques = C} or Dj,.

Mod 2: 2zt + 22+ 1= (22 +2+1)2 X

Mod 3: 2% — 22 —1 = (22 +1)2 X

Mod 5: z* +1 = (22 + 2)(2? — 2) X

PMATH 442 Lecture 22: November 4, 2011

Compute Gal(z* + 522 + 11)
Reduce mod 17:
z* + 522 +11 = (z + 1)(z — 1)(2* 4 6)

= Gal contains a permutation with cycle structure (1)(1)(2), and so cannot be Cj.
When can the roots of a polynomial in x be expressed in terms of +, —, -, =, /-, and the coefficients?

Theorem: Let F be a field that contains all the nth roots of unity. Let a € F. Then F(/a)/F is Galois,
with cyclic Galois group, provided char F' { n.
Proof: First, we may assume that [F({/a) : F] = n, since otherwise we may replace n with

k = min{({/a)’ € F}
and we will have k | n.

Write 2™ —a = (z — /a)(z — (/a) - (x — ("1 ¢/a) where ( is a primitive nth root of unity. Therefore, since
¢ € F, F(%/a) is a splitting field for ™ — a over F. Since char F'{ n = [F({/a) : F], we see that F({/a)/F is
separable, so it’s Galois.

25



Let 0 € Gal(F({/a)/F) be such that o(/a) = ({/a. Since ¢ € F, a(¢) = ¢, so o(¢"{/a) = (" /a.
Therefore o has order n and Gal(F({/a)/F) = (o) is cyclic. O

Theorem: Let F be a field containing the nth roots of unity. Let K/F be a finite Galois extension with
cyclic Galois group. Then K = F(/a) for some a € F, n = [K : F].'9
Proof: Say o € K, ( a primitive nth root of unity. Define

(@, Q) = a+(o(a) + Fo*(a) +---+ ("o Ha)

where Gal(K/F) = (a). Then

o((a,Q)) = o(a) +(o*(@) + - + ("o (a)
(e Q) =¢lat+o(a) +¢o*(a) + -+ (" %0" Ha)
Since (“la = (""lo™(a), we see that U((a Q) =¢ e, Q).

In particular, o((a ,C)") (0,0)", so (a,¢)" € F. Furthermore, if 1 < k < n — 1, then o*((a,()) =
¢ F(a,¢) # (a,Q), so (a,¢) does not he in any proper subfield of K. So we may set a = (a, ()" to get

K = F(4/a).

Theorem: Assume F contains the nth roots of unity, a, b € F*. Then F({/a) = F(V/b) iff (a) =
(b) mod (F*)™, where
(F*)'TL — {a7l e 6 F*}

(that is, a* = b'a™ for some a € F, 1 < k,l <n—1.)
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Definition: Let L/F be an extension, « € L any element. Then « is solvable in radicals over F iff a € K
for some field K such that
F=Ky=KiCKyc---CK,=K

where K; = K;_1( /a;) for some a; € K;_1, and 7; € Z~g, char F' { r;.

We say p(z) € F[z] non-constant is solvable in radicals iff all its roots are. We call an extension like K/F a
solvable extension.

Theorem: Let o € K be solvable in radicals over F'. Then « is contained in a Galois solvable extension.
Proof: First, adjoin all the r;th roots of unity to f;

Q(V2,1)

~

Q(V2) Q(i,v2)

e
Q(v2) Q(4)
s

this is an extension of solvable form. Next, notice that to compute the Galois closure of K over F', one need
only adjoin elements of the form %/b; for some elements b; € K;_;, although there may be several of them for
each 1. -

Definition: A group G is solvable iff there is a set of subgroups
{1}=GocG,C---CG,=G

19)char F' { n

26



such that G;_; is a normal subgroup of G;, with G;/G;_1 an abelian group.
Say G is a group, N C G a normal subgroup. Then G//N is abelian iff for all g, h € G, we have ghg~*h~! € N.

Definition: The commutator of g & h is [g, h] = ghg='h™!. The commutator subgroup of G is the subgroup
of G generated by the commutators of G. It’s denoted [G, G].
Notice that G/N is abelian iff [G,G] C N. Also notice that [G, G] is a normal subgroup of G, because for

any homomorphism f (like, say, conjugation by o), f(ghg~1h~1) = f(g) F(h)f(g) " F(h)~1 = [f(g), ()]

We can construct the commutator series of G:

GO =g

G = [qt-1, qt-1)]

So G > @M 5 G? 5 ... and GW/GEY is abelian! If G = {1} for some n, then G is solvable.
Conversely, if G is finite, then if G # {1} for all n, then G is not solvable.

Theorem: Let GG be a finite solvable group. Then any subgroup or quotient group of G is also solvable.
Proof: Say H is a subgroup of G, and say Gy = {1} C G; C --- C G, = G satisfy G;/G;_1 abelian. Let
H; = HNG;. Then H; is a normal subgroup of H;y; and H;11/H; — G;4+1/G;, so H;+1/H; is abelian. Since
Hy C Go = {1}, we conclude that H is solvable.

Similarly, if N is a normal subgroup of G & ¢: G — G/N is the “reduce mod N” homomorphism, then the
chain
q9(Go) C q(Gh) C -+ C q(Gn)

shows that G/N is solvable. O
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Theorem: Let G be a group, N a normal subgroup. If N is solvable and G/N is solvable, then so is G.
Proof: G is solvable iff its commutator series G(*) satisfies G(™ = {1} for some n. Since G*) mod N =
(G/N)®, we see that G(™) C N for some M (G/N is solvable). Since N is solvable, its subgroup G(*) is also
solvable, so the groups G satisfy G(") = {1} for some n, as desired. O
Theorem: Let F' be a field of characteristic 0, f(x) € F[x] a non-constant polynomial. Then f(z) is solvable
in radicals iff Gal(f) over F is solvable.

Proof: Forwards: If f(x) is solvable in radicals, then its splitting field admits subfields satisfying

F=KyCK; C---C K, = splitting field

and K; = K,;_1( v/a;). Moreover, we can insist that K;/K;_; is Galois for each i, by adjoining all relevant
roots of unity first. This may make K, larger than a splitting field for f(x); this is OK & we’ll consider it
later.

So Gal(K,;/K;_1) is abelian for all 4, making Gal(K,/F") solvable. Since a splitting field K is contained in
K, its Galois group over F' is a quotient of Gal(K,,/F), and so is solvable.

Backwards: Let K/F be a splitting field for f(z). Then since Gal(K/F') is solvable, we get a chain of subgroups
{1} =Gy Cc Gy C --- C G, = Gal(K/F) such that G;/G;_1 is abelian. By refining this chain, we may assume
that G;/G;_1 is cyclic for all ¢. But if K; corresponds to G;, then G;/G,_1 cyclic = K,;_1 = K;( "—{/ai_1))
for some a;—1 € K;_1, provided that K; contains all (n;_1)th roots of unity. So if we adjoin a large finite
number of roots of unity to F', then we can construct a chain of subfields of a suitable form to prove that f(z)
is solvable in radicals. O

Question: Is every finite group solvable?
Answer: No. If n > 5, A,, has no nontrivial normal subgroups and is not abelian, and so is not solvable.

Furthermore, the only normal subgroups of S,, for n > 5 are {1}, A,, and S,,. So if n > 5, then S,, isn’t
solvable.
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I’d like to thank my parents, God and L. Ron Hubbard.

S3: {1} C A3 C S5 solvable v/

cyclic

Sy: {1} cVyCAsC S,
double
flips
So S, is solvable too. But S5 is not solvable.
Example: The Galois group of 2° — 152 + 5 over Q is Ss.
Proof: The polynomial is irreducible by Eisenstein’s Criterion using p = 5.

Since 2° — 152 + 5 is irreducible of degree 5, its Galois group acts transitively on a 5-element set, so by
orbit-stabilizer, the Galois group’s order is divisible by 5. Let G = Gal(f(z)) = Gal(z® — 152 + 5). By
Cauchy’s Theorem, G contains an element of order 5. So G must contain a 5-cycle.

f(z) =5z - 15

Roots 7 = ++/3

Y +ve

+ve

—ve

—ve
We see that f(x) has exactly 3 real roots. Therefore, the action of complex conjugation on the roots of f(x)
is as a transposition. So GG contains a transposition.

A simple bubble sort shows that G must be all of S5.
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Definition: A valuation on a field K is a function ¢: K — R>( satisfying:
Va,b e K (1) ¢(ab) = ¢(a)p(b)
(2) ¢(a)=0iff a=0
(3) ¢(a+0b) < ¢(a) + H(b)
Example: Let K = Q, p € Z prime. For § € Q in lowest terms, define ’%’p =0ifa=0. If a # 0, write

g :p“;—,’ fora’, b € Z, pta’t/, and let

‘9‘ _ 1
blp  p"
(1) and (2) are clear. For (3), note that (if » < ¢ without loss of generality)

P ert% . —p7|m +pt7r% )
<p’

so |a + bl < max{|alp, [b],}.

This is called the p-adic absolute value on Q.

Example: |5z], = 5, |33 = 5 117l = 1

So p™ — 0 p-adically.

Example: 1 +p+p?+ .- = Yido pl = ﬁlp if >0, p? converges. If we interpret this sequence classically.

3" p' does not converge.
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Theorem: Let Y ;- a; be an infinite series. Then ) .° a; is Cauchy p-adically iff |a;|, — 0. (a; € Q)
Proof: Forwards is clear. Backwards is harder. Say |a;|, — 0. Then [}, a|, < maxieq1,.. ny{lailp}. So

n m n
' E Q; — E a; = ’ E Q;
i=0 L

1=0 1=m-+1

< max a;
p ie{erl,...,n}{I z|p}

which is going to 0. So Z;’io a; induces a Cauchy sequence. O

So Y2, 2 =—1.

Is Q p-adically complete?
No: 32 =2mod 7 so 3 is 7-adically close to /2. Sort of, “3 — \@|7 < %”.
Let’s look for ag € Z/7?Z such that a3 = 2 mod 7.

Say as = 3 mod 7. Then as = 3 + 7k mod 72

— (34 7k)?> =9 + 42k mod 49
= 2=9+4 42k mod 49

— —7 =42k mod 49

= —1=6kmod?7

— k= mod7

— ap = 3+ 7 =10 works!

By iterating this procedure, we can find integers a, such that a2 = 2 mod 7" for all r € Z~q. So {a,} is a
Cauchy sequence, whose limit if it exists is v/2 ¢ Q. Therefore Q is not 7-adically complete.
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Let R be the ring of p-adic Cauchy sequences of rational numbers, with

{ai} + {bl} = {ai + bi}
{ai}{bi} = {abi}

It is easy to see that the sum & product of Cauchy sequences is again Cauchy.

Let M = R be the set of null sequences in R; namely, the set of sequences whose limit exists and is 0. It is
easy to see that M is an ideal of R, since it is closed under + & —, and multiplication by arbitrary Cauchy
sequences.

Theorem: M is a maximal ideal of R.

Proof: We will show that every element of R — M is a unit, so M is maximal. Say {a;} is a p-adic Cauchy
sequence which does not converge to 0. Then there are only finitely many a; such that a; = 0, since {a;}
is Cauchy & not null. After adding a null sequence, then, we may assume that a; # 0 for all i. Consider
{ai} It is clearly an inverse to {a;}. Is it Cauchy? Yes: The sequence {|a;|,} is also Cauchy, and therefore

convergent. So if lim;_,|a;|, = L, then {\a%|p} — 1 # 0 and

1 1

Qp am

A — An
p 4 — 1 —small as you like

»
so {5~} is Cauchy. O

lanlp — |amlp < |an — am|p by A inequality
lam|p — lanlp < |am — anlp by A inequality

o=t =(a"Na)ay ") =y’

So R/M is a field containing Q. We call it Q,, the field of p-adic numbers.
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It is easy to see that QQ,, is complete. The absolute value of Q,, is
{antly = nh_fgo|an|p~

Q — Q, via x — {z}.

So what the heck is Q,? Some elements of Q,, include:

l+p+p°+--
243p% —4pP +pt + - -

More generally, if 0 < a; <p—1, a; € Z, then Y .= a;p' € Qp. In fact, for any n € Z, the series S a;p' is
in Qp.

We will show that every elements of Q, is of the form Y .° a;pt for 0< a; <p—1, a;, n € Z.

Theorem: Let a € Q5. Then a can be written uniquely as o = p"u for |uf, = 1.
Proof: |a|, = p~" for some r. So |[p~"al, = 1,50 a = p"(p~"a). If a = p*u, then |a|, =p™" = k=r,
and then u = p~"a. O

Definition: The ring of p-adic integers is Z, = {a € Q, : |a|, < 1}. This is a ring because of |a +
bl, < max{lal,,|b|,}. It’s not a field, since p € Z, but % ¢ Zp. Note Zy = {a € Qp : |a, = 1}. So
Q; ={p"u:u€Z;}. In particular, Q, is the fraction field of Z,.
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Theorem: Z, = the closure of Z in Q,.
Proof: If {z;} is a Cauchy sequence of integers z; € Z, then |{z;}|, < 1 because |z;|, < 1 for all i. So
ZC1Z,

Conversely, say {z;} € Z,. Then lim;_oo|zil, < 1. If lim;|2;|, = 0, then {z;} = 0 € Z. Otherwise, we have
|Tn|p = lim;|x;|, for all large enough n. Write z,, = pry for p t anb,. Then for every positive integer m,
there is an integer v, ,, such that

Opm = Tp mod P <= |apm — Tulp <p~ ™
So up to messing around with finitely initial terms, the sequence {ay, .} € 7Z is equal in Q, to {z,}, so
{zn} € Z. O

Theorem: Z,/p"Z, = Z/p"Z.
Proof: Consider ¢: Z — Z,/p"Z,. 1t is clear that ker ¢ = p"Z. So there is an injection ¢: Z/p"Z — Z,/p"Z,.
It is onto because any o € 7Z,, satisfies

o =n|, <p " forsomen €Z, < a=nmodp'Z, < a=¢(n)v O

Say a € Q. If a = 0, then « is clearly of the form a = Z;’in for 0 <a; <p-—1. If a#0, write a = p" ¢,
a s} 3

where p t ab. It suffices to write & =37 a;p".

But § € Z,, so for each r > 1, we can find m, € Z such that § = m, mod p"Z,. So if we choose

b
m, € {0,...,p— 1}, we write m, in base p; and get
a _ r—1 r
7 =atapt - +a_ip + Ep

for 0 < a; < p— 1. Moreover, note that m,; = m, mod p". So we get a well defined series

a oo
5= 2
=0
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where a; € {0,...,p—1}. So Q, really is
Q, = {Zaipi:ai€{0,...,p1}}

g0
-1
_..666 in Q;

=> 67"
n=0
Define R C (Z/pZ) x (Z/p*Z) x --- by
R:{(al,ag,...):aizai+T mod p', a; EZ/piZ} =H

Theorem: Z, = R.

Proof: Define ¢: Z, — H by ¢(a) = (o mod p,a mod p?,---). Clearly im¢ C, so ¢: Z, — R. Since

ker¢p = {0}, ¢ is injective. For surjectivity, say (ni,na,...) € R. If we choose n; € {0,...,p" — 1},

then writing n; in base p will have a consistent set of ith order p-adic approximations Z?io a;p’, where
N T T i

nl—zjzoajp . So (n1,ng,...) € im ¢. O
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Definition: A valuation on a field K is a function ¢: K — R such that:
(1) ¢(x) 20, ¢(x) =0 iff =0
(2) d(zy) = ¢(x)9(y)
3) oz +y) < o(x) + o(y)
If ¢ also satisfies ¢(x + y) < max{¢(z),#(y)} then we say ¢ is non-archimedean.

Assume K is a field complete with respect to a non-archimedean valuation |-|,.

Definition: The valuation ring of K is O = {z € K : |z|, < 1}. It is easy to see that O is a ring.
Definition: The maximal ideal of O is M = {2z € O : |z|, <1}.

It is easy to see that M is the set of non-units of O, and is therefore the unique maximal ideal of O.
Definition: The field O/M is called the residue field of O (or K).

Theorem (Hensel’s Lemma): Let K be complete with respect to a non-archimedean valuation ||,. Let
f(x) € Olz], f # M. Say f = gh in (O/M)[x], where g, h € (O/M)|x] are relatively prime. Then f = gh,
where g = g mod M, h = h mod M, and degg = degg, and g, h € O[z].

Example: Say K = Q7, O = Z7, f(z) = 2% — 2. Then
2% — 2= (24 3)(x — 3) mod 7 in the residue field Z/7Z.
Helsel = dg,h € Z7[z] such that degg = degh = 1 and
22— 2 = g(x)h(x).
But degg =degh =1 = gh has two roots in Z~,
+v2 € Z; C Q.
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K complete with respect to a non-archimean valuation |-|,. Let O = {a € K : |a|, < 1} be the valuation
ring. M C O the maximal ideal {a € K : |a|, < 1}.

K=Q,
O0=1Z,
M = pZ,

Theorem: (Hensel’s Lemma)

Let f(x) € Olx] be non-constant, f # 0 mod M. Assume f = gh mod M, where f is the reduction of f mod M,
and that g, h are relatively prime in (O/M)[z]. Then f = gh in §[z], where g = g and h = h mod M, and
deg(g) = deg(9)-

Proof: Pick go, ho € O[] willy-nilly so that deg(go) = deg(g), deg(ho) < deg(h), go = g, ho = h mod M.
Since h, g are coprime in (O/M)[z], there are a(z), b(z) € O[z] such that agy + bhg = 1 mod M.

Amongst the coefficients of f — gohg and ago + bho — 1, there is (at least) one with smallest valuation. Call it
.

We show: f = g,h, mod 7”11

If r = 0, we're already done. Proceed by induction. Say f = ¢,._1h,._1 mod 7", with degg,_1 = degy,
deg h,_1 < degh. We're looking for ¢, and h,..

. =gr 1P
Write {Zrzir,ll-s-;:" , for pr, ¢- € O[x]. Then:

f—grhy =7 (gr—19r + hyp—1p,) mod 7" 1

1
= ;(f - grhr) = Ggr—19r + hr—lpr mod 7

—_——
fri=

Now, ¢, = af, and p, = bf, works because g, = go mod M, h, = hg mod M. However, this choice may not
satisfy the degree constraints deg g, = degg and deg h, < degh. So write: bf,. = Qgo + R for deg R < deg go,
and set p, = R. The leading coefficient of gy is not in M, so it’s a unit in O. The Euclidean Algorithm will
show that @, R € O[z]. So:

go(afr + hoQ) + hopr = ago fr + goho@Q + hopy
agOfr + hO(bfr _pr) + hOpT

= agOfr + bhOfr
= frmodmw
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Theorem: (Hensel’s Lemma) Let K be a complete field with respect to a non-archedmedian valuation, O
is valuation ring, M C O the maximal ideal. Let f(x) € O[x], and assume f = gh mod M for ged(g, h) = 1.
Then f = gh in K|[z], where g = g mod M, h = h mod M, deg(g) = deg(g).

Proof: (continued)

go(afr + hOQ) + h0<p7‘) = frmodm
and deg(p,) < deg f — degho = deg(go)

So after deleting terms in af, + hoQ of too high degree (because they’re 0 mod ), we find ¢,.

S0 gry1 = gr +prm”
hr+1 = h, + QTWT

satisfies f = g,h, mod 7" !



So {g,} & {h,} are Cauchy sequences of polynomials in K[z], that must converge to g & h, respectively,
satisfying f = gh, degg =degg, g =79, h = h. O
Example: /2 ¢ Qs, because if not, then |\/§|§ =12, =1, so V2 € Zs. But 22 — 2 is irreducible in the

residue field Fs, so v/2 ¢ Zs.
Example: 27~! — 1 splits completely in F,[z]: 2P~' — 1 = [[°_/ (z — 7). By Hensel’s Lemma, 27~ ! — 1 splits
completely in Q,[z], too. Soif n | p—1, then ¢, € Q,.

Definition: Let L/K be a finite extension, o € L any element. The norm of « over K is det(m,), where
Mme: L = Lis my(z) = ax
Np k() = det(my)
Np k(o) = (=1)!FK](constant term in characteristic polynomial)
Since « is a root of the monic characteristic polynomial (by Cayley—Hamilton Theorem), the minimal

polynomial of a (m(x)) is a factor of the characteristic polynomial of m, (x(x)). But every root of x(z) is a
root of m(x), so x(x) = m(x)?, where d = [L : K(a)]. Comparing constant terms gives (m(0))% = x(0).

n=I[L: K]
L=1-K+a-K+---+a" 1. K
if L= K(a)
0 O —ao/an
1 0 7(11/0%
[Ma] = 0 1 —as/an
0 ... 0 1 —ap_1/ay
m(z) =ag+ a1z + -+ + apz”
:>an:7@7ﬂ 7.”704171 n—1
a1 ay an
det[ma] = (=1)" 1220 = (—1)"qq
an

Npk(a) = (—1)[E K] (constant term of monic minimal polynomials)Z 5 ()]

Say K/Q, is a finite extension. Define
laly = {/INk/q, (@)l
where n = [K : Q,]. This is a non-archedmedian valuation:
(1) |al, >0, equality iff a =0 v
(2) |oBly = lofulBls v
(3) le+ Bl < max{laly, 8]}
We will justify (3) next time.
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|O‘|v =¥ |NK/Qp(O‘)|p
Theorem: ||, is a non-archimedean valuation on K.
Proof: All done except:

|a+ Bly < max{|aly, |Blv}-
Without loss of generality, say |3|, > |a|,. Then it suffices to show:

5 1

< max{
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Lemma: Let L be a field that’s complete with respect to a non-archimedean valuation . Say f(z) € L[] is
irreducible, f(z) = ap + a1z + - - + anx™. Then ¥(a;) < max{1(ap),¥(an)} for all i.
Proof of Lemma: Let O be the valuation ring. Let j be the smallest index such that ¢ (a;) > ¥ (a;) for all
i. Then a—ljf € Olx] and

f=a(a; + -+ ayz"7) mod M
where M C O is the maximal ideal. By Hensel’s Lemma, f(z) factors as the product of 2 polynomials, one of
deg j & the other of degree n — j. Since f is irreducible, either j =0 or n — j = 0. [0 lemma

By the lemma applied to L = Q,, we see that a monic irreducible polynomial in Q[z] lies in Zy[z] iff
its constant coefficient lies in Z,. So Nk /q,(a) € Z, iff monic minimal polynomial for a lies in Z,[z].
Since |§lv < 1, we get N(5) € Zp so monic minimal polynomial for § has coefficients in Z,. If m(z) is
the monic minimal polynomial for §, then m(z — 1) is the monic minimal polynomial for (§ —1). So
m(x) € Zylz] = m(z — 1) € Zy[z], and hence N(§ +1) € Z), &

1}
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Example: K = Q3(v/2)
Note that [K : Q3] = 2, because |v2|, = 1/[2]; = 1. Since v2 ¢ F3, V2 ¢ Zs, so V2 ¢ Q3. Now,

’%+1

< max{

5

v

as desired.

la+bv2], < max{lal,, b],}

If |a|; # |b]5, then |a + bv/2|; = max{|al,, [b]5}.
If |a|; = |b|, then a + bv2 = 37(a’ 4+ b'/2), where o/, b’ € Z5. In that case, a’ = +b' = +1 mod 3, so
(a')? —2(¥)? = —1 mod 3, so |a + bv/2|; = |a|; = |b]5. So in general,

la + b\/§|3 = max{al3, |b];}.

K/Q, is a finite extension.
Then {/|Nk/q,(a)], is an extension of |-, to K. It’s the only such extension, and K is complete with respect

to this extension.
O = valuation ring of K
={a€K:|a,<1}
= { @ € K : monic minimal polynomial lies in Z,[z] }
Note that O is Galois stable, i.e., if « € O, 0 € Autg, (K), then o(a) € O.

Assume K/Q, is Galois.
=k

Recall that the residue field of K is /O_;ﬁ, where M = maximal ideal of O. It’s an extension of I, and a
finite one since [K : Qp] < oo.
Define:

¥ Gal(K/Q,) — Gal(k/F,)

as follows:

Say o € Gal(K/Qjp). Then ofo: O — O is also an automorphism. Since ||, is also Galois invariant, o maps
M to M. Thus, o induces a homomorphism

Y(e): O/M — O/M.
=k =k
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(o) is an automorphism because k is a finite field.
It is easy to check that ¢ is a homomorphism of groups

Y Gal(K/Qp) — Gal(k/Q,).

Say k = F,(a), m(x) a minimal polynomial for @ over F,. Then by Hensel’'s Lemma, any polynomial
m(z) € Zp[z] with m = mod M and deg(m) = deg(7) will also be irreducible and split completely in K.
(o a root of m(x), « =@ mod M)
If 7 € Gal(k/F,) and (@) = 3, then if 8 € K is a root of m(x) with 3 = 8 mod M, then any o € Gal(K/Q,)
with o(«) = 3 satisfies ¢(0) = 7.

The kernel of 4 is called the inertia (sub)group of Gal(K/Q,).
Definition: K/Q, finite is unramified iff 1 is an isomorphism. Equivalently, if [k : F,] = [K : Qp).
Definition: The inertia subfield of K is the fixed field of the inertia group.
K
(K : K] = #1(K)

o
(K™ Qp) = [k« ]
Qp
Example: Q3(v2,V3)
ramified
Qs(v2)
ramified
Qs
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Theorem: If K/Q, is a finite unramified extension, then it is also Galois.
Proof: By assumption, [K : Q] = [k : F,], where k is the residue field O/M of K. Write k = F, (@) for
some @ € k. Choose o € O C K such that & = @ mod M. Then Q,(«a) is an extension of Q, of degree
n=[K :Qp] = [k : F,], because a minimal polynomial m(z) € F,[x] for @/F, is irreducible, and also it’s the
reduction of a minimal polynomial m(z) for a/Q,. Therefore Q,(a) = K.

Qp(a) is clearly separable over Q,. But () is separable, and splits completely (into linear factors) in k(x).
By Hensel’s Lemma, since the factors are pairwise coprime, this means m(zx) factors completely in K|z]. So
K is a splitting field for m(x) over Qp, since Q,(a) = K. So K/Q, is Galois. O

This means that if K/Q, is unramified, then its Galois group is cyclic. Better yet, any two unramified
extensions of QQ, of degree n are isomorphic, by Hensel’s Lemma and previous theorem.

So extensions of I}, an unramified extensions of Q,, are in a natural 1-1 correspondence.

Consequences: The composition of 2 unramified extensions of Q, is unramified.

35



Note that:
KK, k1ks

K,
Q
Let’s find all quadratic extensions of Q,, for p # 2.
They are classified by (Q5)/(Q;)?

Ky k1 ka3 lem(dy, do)
p Fy

Any o € Q is, up to squares, an element of either Z, or pZ,.
Zp ={(a1,a2,0a3,...):a; € Z/pZ, a1 = a14; mod p Vj >0}

If (a,...) € (Qp)?, then a; € (F,)%
So modulo squares, there are 2 choices for a;. For all ¢« > 2, there are again only 2 choices for a;, up to
squares, so there are exactly 2 units in Z,, up to squares.
Similarly, there are 2 elements of pZ, up to squares. So (Q})/(Q})* has order 4. There are therefore 3
nontrivial quadratic extensions of Q,:

unramified: Q,(y/a) < a non-residue mod p

ramified: Qp(v/P)

ramified: Qp(\/ap)

Newton Polygons

For a; € Qy, define v(a) = —logla|, = biggest power of p dividing a.

Let anz™ + an—12" ' +- - +ag € Qp[z] be a polynomial, a,, # 0. Plot all the points (i,v(a;)) for a; # 0. The
Newton polygon of f(z) is the lower convex hull of these points.

Example: p =3, f(z) = 2% + 32% + [

Plot: (3,0), (2,1), (0, —2)

v
1 °
2
index
Newton polygon
-2
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Newton Polygons
v(a) = —log|al, for a € Q5. Newton polygon of ag + a1x + - - - + a,2" is lower convex hull of {(4,v(a;))}.

Theorem: Let f(z) = ag+ -+ + a,2" € Qp[z] be a polynomial of degree n. Say (r,v(a,)) and (s,v(as))
are the endpoints of a line segment in the Newton polygon of f(x), of slope —m. Then f(x) has (in some
extension of Q,) |r — s| roots «; with |a;|, =p~™.

Note: The Galois group of f(x) does not change the valuation of roots of f(z). Thus, this theorem tells us
that line segments in the Newton polygon correspond to factors of f(x) in Q,[z].
Proof: Assume without loss of generality that a,, = 1.
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Order the roots of f(x) as follows:

Q1,0 —v(ag) =mg > my
Oty 41y - -+ Oy — V() = Mg
i1y oy Q4= V(Q) = Mgy > My

so v(ay) =0
v(ap—1) > min{v(a;)} = my

v(ap-1) > min{v(oa;)} = 2my

V(an—t,) = timy

V(an—t,—1) > timy + mo

V(an—t,—t,) = timy + (t2 — t1)mo
Continuing in this fashion, one sees that the Newton polygon of f(z) has vertices
(n — to,t1m1 + (t2 — tl)mg + -+ (tc — tcfl)mc),

and has r 4+ 1 segments of slopes —my, —mo, ..., —m,41. O

Example: 22 +z — 6, Q3.

=(z+3)(z—-2)

Theorem: Assume that the Newton polygon of f(x) intersects Z? in exactly two points. Then f(z) is
irreducible in Q,[z].

Proof: Say f(x) = g(x)h(z), and assume without loss of generality that f, g, h are all monic. We know that
the Newton polygon of f(z) is a single line segment of slope m, since the Newton polygon only has vertices at
lattice points. Say deg(f) = n.

So v(a) = m for all roots a of f, and thus for all roots of g and h, too. If deg(g) = d, then |g(0)|, = p~¢™
and |h(0)|, = p~=9™. The Newton polygon joins (n,0) to (0,nm), which contains the point (d, (n — d)m).
Thus, either d = n or d =0, and so f(z) is irreducible. O

So 2° 4 2z* 4 4 is irreducible over Q,, because its Newton polygon has exactly 2 lattice points, one at each
end.
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