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Abstract
We present a search for small Kochen-Specker (KS)
sets in dimension 3, specifically targeting extensions
of the 13-ray Yu-Oh set, which has been proven to
be the minimal witness to state-independent con-
textuality. To enable this search, we introduce a
novel SAT-based orderly generation framework in-
tegrating recursive canonical labeling (RCL) with
the graph isomorphism tool NAUTY. We demon-
strate that previous SAT approaches relying on lexi-
cographical canonicity suffer from exponential scal-
ing on canonical graphs. This limitation renders
them intractable on the large instances (25 to 33
vertices) encountered in our search, whereas our
RCL check maintains consistent millisecond-level
performance (0.005s), effectively eliminating the
bottleneck. Overcoming this bottleneck allows us
to perform the first exhaustive enumeration of all
KS sets with up to 33 rays containing the complete
25-ray state-independent contextuality (SI-C) set ob-
tained by rigid extensions of the Yu-Oh set in 1,641
CPU hours. We found and verified the 33-ray set dis-
covered by Schütte is the smallest three-dimensional
KS set containing the complete 25-ray SI-C set. All
non-existence results are backed by independently
verifiable proof certificates via an extension of the
DRAT proof format.

1 Introduction
A Kochen-Specker (KS) set is a finite set of rays in Cd for
some d ≥ 3, which does not admit a {0, 1}-assignment of the
rays such that (i) each orthogonal basis contains exactly one
ray assigned 1, and (ii) in each pair of orthogonal rays, at most
one ray is assigned 1.

A state-independent contextuality (SI-C) set is a set of rays
Cd for some d ≥ 3 for which the corresponding rank-one ob-
servables have some non-contextual inequality that is violated
by any initial quantum state.

Here we restrict our attention to the smallest possible di-
mension, 3. It has been proven [Cabello et al., 2016] that the
smallest SI-C set contains 13 rays in dimension 3 and consists
of all real vectors with coordinates in {0, 1,−1} [Yu and Oh,

2012]. In contrast, it is not known what the smallest KS set is
in dimension 3: a problem which has been open for just under
60 years since the discovery of the first such set by Kochen
and Specker [Kochen and Specker, 1965]. The smallest known
is due to Conway and Kochen and has 31 rays. Exhaustive
searches have proven that the smallest KS set in dimension 3
must have at least 24 rays (see Kirchweger et al. and Li et al.).

All KS sets are SI-C sets, but in general KS sets may contain
small SI-C sets that are not KS sets. Indeed, each of the
small known Kochen-Specker sets in dimension 3 contains
a copy of the 13-ray SI-C set. Moreover, the other small 3-
dimensional SI-C set in the literature has 21 rays [Bengtsson
et al., 2012], and the smallest known KS set containing it has
55 rays [Trandafir and Cabello, 2025].

Recently, using the 13-ray Yu-Oh set as a starting point, a
new Kochen-Specker set has been discovered that also has
33 rays, but has only 14 orthogonal bases [Cabello, 2025b].
Given that the history of Kochen-Specker sets is nearly sixty
years old [Kochen and Specker, 1967], it is surprising that such
a fundamental object remained undiscovered until recently.

It has recently been shown that Kochen-Specker sets cor-
respond exactly to bipartite nonlocal games for which there
exists a perfect quantum strategy (BPQS) [Cabello, 2025a].
These are games played between two players, Alice and Bob,
who have input sets X and Y (respectively), and output sets A
and B (respectively), and for which each choice of inputs and
corresponding outputs is either winning or losing. Kochen-
Specker sets provide games and accompanying optimal quan-
tum strategies for Alice and Bob, allowing them to win at
each round of the game, while no such classical strategy exists
[Cinelli et al., 2005; Yang et al., 2005; Aolita et al., 2012;
Xu et al., 2022; Kumar et al., 2025]. Small Kochen-Specker
sets play a very important role in this setting since they lead
to games with low input cardinality |X||Y | (and thus more
experimentally feasible scenarios). For example, the aforemen-
tioned 33 ray set produces the smallest known input cardinality
for dimension 3.

Recently a particular type of SI-C set (or KS set), called
a rigid SI-C (KS) set has proven to be especially important
(in essence the orthogonalities of such a set are unique up to
unitary transformations). Xu et al. showed that rigid SI-C
sets enable certification with any full-rank state (CFR), which
simplify preparation of quantum experiments and improve
robustness under experimental imperfections. Moreover, such



KS sets provide the only known way to self-test supersinglets
of d particles at d levels. Naturally, there has been much
interest in identifying small rigid KS sets (see for example
[Aravind et al., 2025; Trandafir and Cabello, 2025; Kernaghan,
2026]).

We focus on the construction method where, starting with
the Yu-Oh 13-ray SI-C set, we recursively choose pairs of
rays and add the unique ray orthogonal to the pair. One may
construct the 31-ray and 37-ray [Peres, 1993] sets of Conway
and Kochen in this manner, as well as the 33-ray set of Schütte
[Bub, 1996; Peres, 1993]. The aplication of this procedure
to every pair of the Yu-Oh set yields a rigid set containing
25 rays. This 25-ray core is the natural place to implement a
search for the smallest rigid KS set in dimension 3, since such
a search will necessarily find any rigid KS set containing the
smallest SI-C set.

Our goal in this work is to apply exhaustive search in order
to find (rigid) Kochen-Specker sets in dimension 3 obtained
from this SI-C set. The main contributions of our work are:

• A new canonical form that leverages the empirical
efficiency of NAUTY [McKay and Piperno, 2014], a
tool1 to compute graph automorphism groups, while
preserving the hierarchical property required for SAT-
based orderly generation. Previous SAT-based ap-
proaches to orderly generation rely on lexicographical
definitions of canonicity, which fail to scale to graphs
of large order n. Conversely, while specialized tools
like NAUTY are highly efficient at isomorphism checking,
they cannot be directly embedded into a SAT solver to
perform orderly generation. This is because the standard
canonical labeling computed by NAUTY is not hereditary
(or prefix-preserving): a canonical graph may possess
non-canonical subgraphs. Consequently, a solver can-
not simply use NAUTY to prune partial assignments, as
this would discard valid branches that eventually lead to
canonical solutions. We combine the best of both worlds
by implementing Recursive Canonical Labeling (RCL),
a technique introduced by Afzaly [Afzaly, 2016] that
constructs a hierarchical canonical form from any base
labeling function. By building RCL on top of NAUTY,
we create a SAT+NAUTY framework that successfully
utilizes NAUTY’s empirical efficiency within a valid or-
derly generation scheme. A SAT + graph isomorphism
tool was previously used in the resolution of Lam’s prob-
lem [Bright et al., 2021] via recording an isomorphism
certificate for every graph explored. However, the list of
recorded objects can grow large, and to effectively exploit
parallelization it needs to be shared across all processors,
a limitation that is not present in our approach.

• Exhaustive enumeration of KS sets extending the com-
plete SI-C set. We enumerate all Kochen-Specker sets
up to 33 rays containing the complete SI-C set of order
25. This set is the unique closure of the original 13-ray
Yu-Oh set under the operation of adding orthogonal rays
to existing pairs. While general recursive extension from
the 13-ray set yields a vast search space, we focus on

1Open source software available at https://github.com/
BrianLi009/SAT-nauty.

Figure 1: If we connect the center of the figure with all the dots, we
get 37 directions (rays) whose components are (0, 0, 1), (0, 1,±1),
(0, 1,±2), (1, 1,±1), (1,±1,±2) and their permutations. Schütte-
33 is obtained by removing the rays (0, 1,±2) and (0, 2,±1).

this dense 25-ray core. Our search confirms that, up
to order 33, the 33-ray KS set by Schütte [Bub, 1996;
Peres, 1993] is the only KS set containing this complete
25-ray structure. The set is illustrated in Figure 1 as a
subset of the 37-ray set of Conway and Kochen (which
was unpublished, but appears in [Cabello, 1996]). This
classification is fundamental to quantum foundations, as
the Yu-Oh set constitutes the minimal witness to state-
independent contextuality. By exhaustively mapping
its rigid extensions, we rigorously define the geomet-
ric boundaries of the simplest contextual structures in
dimension three.

2 Related Work
The traditional approach to prevent a SAT solver from repeat-
edly exploring isomorphic parts of a search space is via the use
of symmetry breaking techniques. One such symmetry break-
ing approach is to add “static” constraints prior to the search
that reduces the size of the search space [Crawford et al., 1996;
Heule, 2019]. Another approach is to “dynamically” break
symmetries during the search [Sellmann and Hentenryck,
2005; Metin et al., 2018]. Within the SAT context, two promi-
nent frameworks that use dynamic symmetry breaking in this
domain are the SAT+CAS paradigm [Bright et al., 2022] and
the SAT Modulo Symmetries (SMS) framework [Kirchweger
and Szeider, 2024].

SAT+CAS. Li et al. applied the SAT+CAS paradigm to
the Kochen-Specker problem, establishing a verified lower
bound of 24 for the size of a KS system. This approach
combines a SAT solver (MapleSAT [Liang et al., 2016]) with
a Computer Algebra System (CAS) to perform isomorph-free

https://github.com/BrianLi009/SAT-nauty
https://github.com/BrianLi009/SAT-nauty


orderly generation. In this framework, canonicity is defined
lexicographically based on the concatenation of the above-
diagonal entries of the adjacency matrix columns. The solver
prunes the search space by blocking partial assignments that
are detected to be non-canonical.
SAT Modulo Symmetries (SMS). Kirchweger et al. inde-
pendently established the lower bound of 24 using the SMS
framework. The tool integrates symmetry breaking into the
CDCL loop of the SAT solver via a custom propagator. Unlike
in Li et al.’s SAT+CAS approach, SMS defines canonicity
based on the lexicographical minimality of the flattened row-
wise adjacency matrix. The propagator performs a minimality
check on partial assignments to ensure they can be extended
to a canonical graph.
Limits of Lex-based Canonicity. Both SAT+CAS and SMS
rely on the lexicographical definitions of canonicity. Conse-
quently, neither framework addresses the intrinsic scalability
bottleneck associated with these checks. To strictly guarantee
that a given graph G is canonical under a lexicographical defi-
nition, one must essentially verify that no other permutation
of vertices yields a lexicographically smaller adjacency string.
In the worst case, this requires testing against the space of all
n! permutations, which becomes computationally infeasible
as n grows. This shared limitation underscores the advantage
of the Recursive Canonical Labeling (RCL) approach, which
circumvents the need for such exhaustive permutation checks
by leveraging the efficiency of NAUTY while maintaining the
hereditary property required for effective pruning.

3 Definitions
A state-independent contextuality (SI-C) set in dimension d
is a set of rank-one ideal observables (or, equivalently rays)
violating a non-contextual inequality for any initial state in
dimension d.

A Kochen-Specker (KS) set [Kochen and Specker, 1967]
is a finite set of rank-one observables V (or, equivalently,
rays) in a Hilbert space H = Cd of finite dimension d ≥ 3,
which does not admit an assignment f : V → {0, 1} such that
f(u)+f(v) ≤ 1 for u, v ∈ V orthogonal, and

∑
u∈b f(u) = 1

for every orthonormal basis b ⊆ V .
Given a set K of vectors in Cd, the orthogonality graph of

K is the graph whose vertices are the vectors of K and for
which two vertices are adjacent if and only if their correspond-
ing vectors are orthogonal.

A graph G is 010-colorable if there is a {0, 1}-coloring of
the vertices such that the following two conditions are satisfied
simultaneously:

a. Adjacent vertices are not both colored 1. b. For each
triangle in G, there is exactly one vertex that is colored 1.

A set of vectors does not form a Kochen-Specker set if
its orthogonality graph is 010-colorable. On the other hand,
given a graph that is non-010-colorable, it is not immediate
that there is an associated Kochen-Specker set. This is only
the case if there is a suitable set of vectors whose orthogo-
nalities are captured by that graph (this is called a faithful
orthogonal representation of the graph G; for brevity, we refer
to a faithful orthogonal representation simply as an orthogonal
representation).

4 Methodology
In this work, we search for Kochen-Specker (KS) sets in di-
mension 3 with at most 33 rays containing the Yu-Oh 13-ray
SI-C set. We focus on a specific type of subgraph constructions
relevant to quantum foundations, followed by a SAT-based
encoding to exhaustively enumerate valid KS sets.

4.1 Recursive Extension from the Complete SI-C
Set.

The approach builds upon the observation that the 13-ray Yu-
Oh set can be naturally extended by adding the unique ray
orthogonal to any pair of existing non-parallel rays. The ray
orthogonal to two rays is given by the cross product of those
two rays. Though the cross product vector itself is scale-
dependent, the ray it spans is uniquely defined because we
care only about the direction of the vector, not its length.
Repeatedly applying this operation to closure yields a unique
set of 25 rays, which we term the complete SI-C set. Famous
examples of KS sets, such as the 33-ray set of Schütte, are
known to contain this specific 25-ray substructure. In this
work, we specifically target this class of systems. We fix
the 25-ray complete set as a base subgraph and employ our
SAT solver to exhaustively enumerate all Kochen-Specker
extensions up to order 33. This narrows the search space to the
most structured candidates while ensuring we find any variant
of the Schütte set that might exist.

4.2 SAT Encoding
To perform the search, we encode the properties of a KS graph
into a Boolean Satisfiability (SAT) instance. We employ the
encoding detailed in the previous SAT+CAS framework [Li
et al., 2024], which formulates the encoding via Boolean
variables ei,j (representing vertices i and j are adjacent, i.e.,
the rays i and j are orthogonal) and ti,j,k (representing rays i,
j, k form a mutually orthogonal triple).

We enforce the following constraints to prune the search
space effectively:

1. Structural Constraints: We leverage properties from
graph theory that a minimal KS set must satisfy, specifi-
cally:

• Squarefree: The graph must not contain any 4-
cycles (C4).

• Minimum Degree: Every vertex must have a degree
of at least 3.

• Triangle Property: Every vertex must be part of at
least one triangle (a mutually orthogonal triple).

2. Non-010-Colorability: The core KS property requires
that the graph admits no 010-coloring. This is encoded by
generating blocking clauses for all valid 010-colorings.
Following the optimization in [Li et al., 2024], we only
generate clauses for colorings where the set of vertices V1

assigned the value 1 is small (specifically, |V1| < ⌈n/2⌉).
We prioritize blocking these cases because colorings with
a large number of 1s (large |V1|) are unlikely to be 010-
colorable, rendering explicit blocking clauses for them
unnecessary.



3. Fixed Subgraphs: We first compute the canonical label-
ing of the starting configuration (of order n = 25) and fix
the corresponding edge variables via unit clauses. This
initialization step highlights a critical scalability advan-
tage over lexicographical approaches (like SAT+CAS):
merely computing the canonical form of these large base
subgraphs is difficult under a pure lexicographical defini-
tion, which would prevent such solvers from effectively
initializing the search space.

Any satisfying assignment to this formula corresponds to
a valid KS candidate graph. The geometric realizability of
these candidates is then verified using the orthogonality check
described in Section 6.

5 SAT + NAUTY-based Orderly Generation
A key component of our pipeline is the integration of a SAT
solver with an isomorph-free orderly generation routine. The
orderly generation approach (developed in 1978 in two inde-
pendent publications [Read, 1978; Faradžev, 1978]) allows for
the exhaustive enumeration of non-isomorphic graphs without
the need to store previously generated isomorphism classes.
This technique is the foundation for efficient combinatorial
generators such as GENREG [Meringer, 1999], which prune the
search tree by enforcing that every intermediate graph must
be the canonical representative of its isomorphism class.

Classical orderly generation relies on a specific definition
of canonicity that satisfies the hereditary property: if a graph
is canonical, then its parent (typically the induced subgraph
obtained by removing the last vertex) must also be canonical.
This property implies the following:

If a partial graph (prefix) is non-canonical, no ex-
tension of that graph can ever become canonical.

This allows the search to prune non-canonical intermediates
immediately. However, highly efficient canonical labeling
tools like NAUTY [McKay, 2007] produce labelings that are
not hereditary, making them unsuitable for direct use in orderly
generation.

To resolve this, we implement Recursive Canonical Label-
ing (RCL), a technique introduced by Afzaly [Afzaly, 2016].
RCL acts as a wrapper that transforms any base canonical
labeling function δ into a hierarchical (hereditary) canonical
labeling. In our implementation, we use NAUTY as the base
function δ due to its efficiency, but the framework is agnostic
to this choice.

5.1 Recursive Canonical Labeling
We first formally define the hierarchical property required for
our search, and then describe the Recursive Canonical Label-
ing (RCL) algorithm used to satisfy it. Let G be a graph on
n vertices labeled {1, . . . , n}. We denote G[k] as the induced
subgraph of G on the vertices {1, . . . , k}.
Definition 1 (Hierarchical Canonical Labeling). A canonical
labeling function C is hierarchical if for any graph G that is
canonical under C (i.e., C(G) = G), and for any 1 ≤ k < n,
the prefix G[k] is also canonical under C.

RCL constructs such a labeling recursively. We start with
an arbitrary base canonizer δ—defined as any function that

Algorithm 1: SAT + NAUTY Orderly Generation. The
SOLVE routine initializes the solver and registers the
symmetry check. CHECKCANONICITY takes in partial
assignments to verify that the induced subgraph Gk is
canonical. If Gk is not canonical, a blocking clause is
added to the solver immediately, forcing it to backtrack.
RECURSIVECANONICAL recursively constructs the
hereditary canonical form.

INPUT n: number of vertices; Φ: problem
constraints (CNF)

OUTPUT All canonical graphs satisfying Φ
1 FUNCTION Solve(Φ, n):
2 Initialize SAT solver with formula Φ
3 Register CheckCanonicity as callback
4 WHILE SAT solver finds satisfying assignment σ DO
5 Output Gσ

6 Add blocking clause ¬σ
7 END

8 FUNCTION CheckCanonicity(partial assignment
π):

9 k ← GetCompletePrefix(π)
10 IF k ≥ 2 and k increased since last check THEN
11 Gk ← subgraph induced by {1, . . . , k} under π
12 (Gcan

k , γ)← RecursiveCanonical(Gk)
13 IF Gcan

k ̸= Gk THEN
14 C ← clause blocking assignment of Gk

15 AddBlockingClause(C, witness γ)
16 END
17 END

18 FUNCTION RecursiveCanonical(Gk):
19 IF k = 1 THEN
20 RETURN (Gk, identity)
21 END
22 δ ← Nauty(Gk)
23 v ← vertex with δ(v) = k
24 Gk−1 ← Gk[V (Gk) \ {v}]
25 (Gcan

k−1, γ
′)← RecursiveCanonical(Gk−1)

26 Extend γ′ to γ by setting γ(v) = k
27 RETURN (Gγ

k , γ)

computes a canonical labeling for a graph (i.e., ensuring that
if G ∼= H , their labeled forms are identical), regardless of
whether it satisfies the hierarchical property. In our imple-
mentation, we use NAUTY as this base canonizer due to its
efficiency.

Given a graph G and the base canonizer δ, the Recursive
Canonical Labeling is computed as follows:

1. Compute the base labeling π = δ(G) using the underly-
ing tool.

2. Identify the vertex v mapped to the largest label n by π
(i.e., v = π−1(n)).

3. Permanently assign v the label n in the hierarchical la-
beling.

4. Remove v and recursively apply the procedure to the
subgraph G \ {v} to determine the labels {1, . . . , n− 1}.



By recursively anchoring the largest label according to the
base canonizer, we create a new labeling that is guaranteed to
be hierarchical by construction, since the canonical form of
the n-vertex graph is defined by extending the canonical form
of its (n− 1)-vertex subgraph.

5.2 Integration with SAT Solving (CDCL)

We integrate this canonicity check directly into the Conflict-
Driven Clause Learning (CDCL) loop of the CaDiCaL [Biere
et al., 2024] SAT solver via a custom propagator [Fazekas et
al., 2023]. The problem is encoded using Boolean variables
ei,j representing the edges.

The Propagator Logic. The SAT solver explores the search
space by assigning truth values to edge variables. Although
the solver may assign variables in an arbitrary order, our propa-
gator monitors the assignment to detect when a complete prefix
is formed. A prefix G[k] is considered complete when all

(
k
2

)
edge variables ei,j with 1 ≤ i < j ≤ k are assigned. When-
ever the solver completes a new prefix G[k], the propagator
invokes the RCL check:

• If G[k] is canonical, the search continues.

• If G[k] is non-canonical, the propagator adds a blocking
clause back to the solver.

Blocking Non-Canonical Partials. When a prefix G[k] is
found to be non-canonical, we generate a blocking clause to
prune the search branch. Because RCL is hierarchical, the
non-canonicity of G[k] implies that no extension to a larger
graph G[n] can be canonical.

The blocking clause Cblock forbids the specific assignment
of edges on the subgraph induced by vertices {1, . . . , k}. Let
π be the current partial assignment. For each pair of vertices
1 ≤ i < j ≤ k, we define the literal λi,j representing the
negation of the current value of edge variable ei,j :

λi,j =

{
¬ei,j if ei,j is assigned TRUE in π,

ei,j if ei,j is assigned FALSE in π.

The blocking clause is then the disjunction of these negated
literals:

Cblock =
∨

1≤i<j≤k

λi,j .

This clause is added to the solver’s database, forcing it to
backtrack and modify at least one edge decision within the
subgraph G[k].

6 Orthogonality Check
Beyond isomorph-rejection, our search incorporates a custom
propagator that exploits the specific geometric nature of the
Kochen-Specker problem. Our problem domain provides par-
tial geometric information—specifically, the coordinates of the
base set—before the search begins. We leverage this domain
knowledge to detect and prune combinatorially valid graphs
that are geometrically unrealizable in C3.

6.1 Deriving Vector Coordinates
The search operates by extending a fixed subgraph (such as
the 25-ray complete SI-C set) to a larger target order (e.g., 33
rays). This creates a distinction between two types of vectors
in the system:

1. Fixed Vectors (Static): The vectors corresponding to
the base subgraph are pre-calculated and fixed. Their
coordinates satisfy all orthogonality constraints defined
by the subgraph’s edges.

2. Search Vectors (Dynamic): For the remaining vertices
(e.g., rays 26 to 33), the coordinates are unknown at the
start of the search. They are determined dynamically by
the SAT solver’s choices.

As the SAT solver assigns truth values to edge variables
connecting a new vertex v to existing vertices u1 and u2, the
propagator infers the geometric consequence. If v is asserted
to be orthogonal to both u1 and u2 (where u⃗1, u⃗2 are already
known), then v⃗ is uniquely determined (up to a scalar factor)
by the cross product: v⃗ = u⃗1× u⃗2. This allows the propagator
to constructively determine the coordinates of new rays on-
the-fly. If a vertex is connected to only one known vector, its
coordinates remain undetermined; once a second orthogonal
neighbor is assigned, the coordinates become fixed, triggering
further checks.

6.2 Detecting and Blocking Geometric Violations
A geometric contradiction arises when dynamically derived
vectors fail to satisfy the required orthogonality relations. We
identify two conflict types: (1) Generating Parallel Vectors:
A newly derived vector cannot be parallel to existing vectors.
(2) Violating Orthogonality: If a derived vector v⃗ is adjacent
to w⃗ but ⟨v⃗, w⃗⟩ ≠ 0, the edge constraint is violated.
Isolating the Cause via Dependency Chains. When a vi-
olation is detected, a naive approach would be to block the
entire partial assignment. However, this is inefficient as it does
not isolate the specific set of decisions that caused the geo-
metric failure. Instead, we compute a dependency chain for
every derived vector to construct a minimal blocking clause,
which only contains vectors that are involved in causing such
violation.

Let D(v) be the set of edge variables responsible for de-
termining the coordinates of vector v⃗. For a fixed vertex,
D(v) = ∅. For a derived vertex v computed from par-
ents u1, u2, the dependency set is defined recursively as
D(v) = {ev,u1

, ev,u2
} ∪ D(u1) ∪ D(u2). When a conflict

occurs (e.g., v⃗ · w⃗ ̸= 0 despite edge variable ev,w being true),
we learn the clause equivalent to the constraint

Cblock = ¬

(
ev,w ∧

∧
e∈D(v)∪D(w)

e

)
.

This clause blocks only the specific chain of edge choices that
forced the creation of the incompatible vectors, allowing the
solver to retain the valid parts of the partial graph.

6.3 Exact Arithmetic
To ensure correctness, we perform all geometric computations
using exact arithmetic, avoiding floating-point instability. The



arithmetic field is automatically selected based on the input:
we use Z3 for real-valued sets (verifying orthogonality via
a⃗ · b⃗ = 0) and the appropriate algebraic field for complex-
valued candidates (using the Hermitian inner product ⟨⃗a, b⃗⟩ =
0). Since derived vectors are generated exclusively via cross
products, the field remains closed under the operations of the
base set.

7 Verification
To ensure the correctness of our exhaustive search, we pro-
duce independently verifiable proofs. Our pipeline extends the
standard DRAT proof format to support two types of domain-
specific axioms: canonicity clauses (t-clauses) and orthog-
onality clauses (o-clauses). External clauses are labeled as
trusted during the standard RUP (Reverse Unit Propagation)
check and are independently validated by a simple specialized
checker.

7.1 Proof Format and Trust Boundary
The proof consists of a sequence of clause additions and dele-
tions. Standard learned clauses are verified via RUP, ensuring
they are logical consequences of the current formula. If a stan-
dard RUP clause blocks the canonical form, then the problem
constraints themselves forbid that specific graph.

The correctness of the external clauses relies on one key
principle: a t-clause must never block the unique canonical
representative of an isomorphism class. The verifier validates
this criteria using a trusted core of graph permutation and exact
arithmetic routines (implemented in a lightweight C++ veri-
fier), avoiding dependency on the SAT solver or a Computer
Algebra System.

7.2 Canonicity Clause Verification
For each t-clause C blocking a graph G, the verifier must
ensure that this blocking step is sound — that is, that at least
one graph isomorphic to G remains reachable by the search.
The witness π provided in the proof exhibits such a survivor:
applying π to G yields an isomorphic graph G′ = π(G), and
the verifier confirms that the clause encoding G′ and all of its
prefixes are not among the blocking clauses. Since permuta-
tion preserves the isomorphism class, G′ ∼= G; since G′ is
unblocked, the iso-class is not eliminated. No lexicographic or
ordering relation between G and G′ is asserted or checked—in
practice π is supplied by nauty’s recursive canonical labeling,
so G′ is the canonical representative, but the verifier requires
only that G′ be some unblocked isomorphic copy.

The verification logic relies on a global consistency check
against a hash table S , which stores all t-clauses asserted so far.
To validate a clause C with witness π, the verifier performs
the following steps:

1. Apply Permutation: Construct the adjacency matrix
M ′ of the isomorphic graph G′ using the witness π (i.e.,
M ′ = π(AG)).

2. Check Recursive Validity: Verify that neither the graph
defined by M ′, nor any of its generating ancestors (pre-
fixes), appears in the blocked set S.

This check ensures that while G is pruned, its canonical
alternative G′ (and the path leading to it) remains valid for
exploration. Because the maximum graph order is N = 33
and the search starts from a base of size p ≈ 13, checking
the ancestors of M ′ requires fewer than 20 lookups in S per
clause. This limited recursion depth ensures that the verifi-
cation overhead remains low relative to the solver’s search
time.

7.3 Orthogonality Clause Verification
For o-clauses, the verifier must confirm that the blocked sub-
graph contains a geometric contradiction. The witness in-
cludes the minimal set of edges Ewit ⊆ E required to derive
the contradiction.

The verification proceeds in two steps:
1. Re-derivation: The verifier does not trust the vector co-

ordinates provided in the witness. Instead, starting from
the fixed base vectors, it re-computes the coordinates for
the vertices in the witness using the edges in Ewit and the
cross-product rules. This ensures the vectors are strict
algebraic consequences of the graph structure.

2. Contradiction Check: Using the re-derived vectors, the
verifier checks for one of two fundamental violations
mentioned in Section 6.2.

This pipeline ensures that: (1) t-clauses never block at least
one representative of every graph arising during the enumer-
ation process (soundness of isomorph rejection), and (2) o-
clauses never block a geometrically valid graph (soundness
of pruning). Combined with the standard RUP check, this
provides a complete certificate that the search space was ex-
haustively explored.

8 Results
We present our results in two parts: a performance validation
of the SAT+NAUTY framework followed by the exhaustive
enumeration of Kochen-Specker sets. We begin with a compar-
ison study demonstrating that standard lexicographical symme-
try breaking is intractable on the canonical partial assignments
dominating this search space. A direct end-to-end compari-
son is effectively impossible: as noted in Section 4.2 (Fixed
Subgraphs), the lexicographical approach cannot practically
canonize even the starting base graph required to initialize the
search. The quantitative comparison is reported in Table 1 and
visualized in Figures 2.

8.1 Performance Analysis: RCL vs. Lex-based
We next isolate the core technical bottleneck addressed by our
approach: checking canonicity on the highly structured graphs
arising in Kochen-Specker (KS) generation. As discussed
in Section 4.2, lexicographical symmetry breaking is attrac-
tive because it yields a hereditary (prefix-preserving) notion
of canonicity, which enables pruning of partial assignments.
However, in KS-style searches the solver spends most of its
time near canonical (and near-canonical) partial graphs, pre-
cisely where lex-least checks exhibit their worst-case behavior.
In contrast, our Recursive Canonical Labeling (RCL) construc-
tion provides a hereditary canonical form while inheriting the
practical efficiency of NAUTY as its base labeling routine.



Table 1: Runtime comparison on 100 lex-least canonical 4-chromatic K4-free graphs per order.

Order N Lex Avg RCL Avg Lex Total RCL Total Speedup

15 100 31.9 ms 26.6 ms 3.19 s 2.66 s 1×
16 100 34.6 ms 26.9 ms 3.46 s 2.69 s 1×
17 100 56.5 ms 27.0 ms 5.65 s 2.70 s 2×
18 100 82.4 ms 26.7 ms 8.24 s 2.67 s 3×
19 100 304.2 ms 26.5 ms 30.42 s 2.65 s 11×
20 100 542.7 ms 27.1 ms 54.27 s 2.71 s 20×
21 100 2.51 s 36.7 ms 4.2 min 3.67 s 68×
22 100 6.75 s 33.7 ms 11.3 min 3.37 s 200×
23 100 46.74 s 29.1 ms 1.3 hr 2.91 s 1,606×
24 100 51.22 s 27.9 ms 1.4 hr 2.79 s 1,836×
25 100 3.2 min 27.0 ms 5.3 hr 2.70 s 7,094×
26 100 3.8 min 26.9 ms 6.3 hr 2.69 s 8,499×

Dataset construction: canonical 4-chromatic K4-free
graphs. To obtain an apples-to-apples comparison on graphs
that mimic the structure of KS orthogonality graphs, we gen-
erated a benchmark set of graphs constrained to satisfy (i)
connectedness, (ii) the presence of a triangle, (iii) K4-freeness
(clique number ω(G) = 3), (iv) not 3-colorable (χ(G) > 3),
and (v) 4-colorable (χ(G) ≤ 4). While these benchmark
graphs are not KS orthogonality graphs, they share similar
constraints and structural features (e.g., triangle-rich, K4-free,
and highly structured near-canonical instances), making them
a useful proxy for stressing canonicity checks in KS-style gen-
eration. For each order n ∈ {15, . . . , 26} we produced 100
such graphs (for a total of 1,200 instances).

We then transformed each instance into a lex-least canonical
graph using the standard witness-guided procedure: repeat-
edly run the lex-least canonicity checker; if it returns a witness
permutation exhibiting an isomorphic but lexicographically
smaller labeling, relabel the graph accordingly and iterate until
no improving witness exists. In practice, this canonization
process becomes prohibitively expensive beyond this range;
we stop at n = 26 because many graphs of order 27 required
hours (or timed out) to reach the lex-least canonical represen-
tative.

Experimental comparison. On this dataset of lex-least
canonical graphs, we measured the runtime of (a) the lex-
least canonicity check itself and (b) our RCL canonicity check
(with NAUTY as the base labeling). Figure 2 summarizes the
results. The lex-least check scales exponentially with n: its
mean runtime increases from roughly 32ms at n = 15 to about
3.8 minutes at n = 26 (approximately a 7,000× increase). By
contrast, RCL remains essentially flat at around 27ms through-
out, i.e., effectively independent of graph size in this range.

The performance gap accelerates rapidly after n ≈ 21. At
n = 20 the speedup is a modest ∼ 20×, but it jumps to
∼ 200× at n = 22, 1,606× at n = 23, and reaches 8,499×
at n = 26. Moreover, RCL’s total time across all 100 graphs
at a fixed order (about 2.7s) is less than what the lex-least
check spends on a single canonical graph at n = 26 (about
3.8 minutes). These measurements explain why lexicographi-
cal symmetry breaking becomes the dominant bottleneck in
our target instances, and why replacing the lex-least checker
with RCL is necessary to make the exhaustive enumeration in

Figure 2: Average canonicity-check runtime on the benchmark
dataset (same data as Table 1).

Section 8.2 feasible.

8.2 Exhaustive Enumeration of KS Sets Extending
the Complete SI-C Set

Using our RCL-based solver, we performed an exhaustive
search for Kochen-Specker sets extending the 25-ray complete
SI-C set. The search space was partitioned into 128 indepen-
dent sub-problems using AlphaMapleSAT [Jha et al., 2024]
and executed on a high-performance cluster of Dual AMD
EPYC 7713 processors.

The enumeration for order 33 consumed 1,641 hours of
CPU time (approximately 68 days), which was completed
in roughly 2 days of wall-clock time across 128 cores. The
solver identified 44 non-isomorphic candidates that satisfy
the combinatorial Kochen-Specker conditions. However, the
embeddability check post-processing step confirmed that only
one of these candidates admits an orthogonal representation
in either R3 or C3. This unique solution is isomorphic to
the 33-ray set discovered by Schütte [Bub, 1996]; thus, we
formally confirm that, up to order 33, the Schütte set is the
only Kochen-Specker set containing the minimal SI-C set of
order 25.



To ensure the correctness of this uniqueness result, the entire
search process was formally certified. The solver produced
a comprehensive proof trace in an extended DRAT format,
recording all learned clauses alongside domain-specific ax-
ioms for isomorph-rejection (t-clauses) and geometric pruning
(o-clauses). For the order-33 enumeration, the total proof size
was approximately 13 TiB. This certificate was independently
validated by a custom verifier implemented as a standalone
Python script. While the verifier code is not formally proven,
it is designed to be minimal and auditable, reducing the trusted
computing base to a simple set of logical checks that provide
a rigorous guarantee that no valid Kochen-Specker sets were
overlooked.

9 Conclusion
We presented a SAT-based orderly generation framework that
integrates NAUTY to overcome the scalability limitations of
lexicographical symmetry breaking. Our analysis confirms
that while standard lexicographical checks suffice for random
graphs, they incur exponential overhead on the highly struc-
tured subgraphs inherent to combinatorial search problems,
resulting in a performance gap of nearly four orders of mag-
nitude compared to RCL. Because the search for a canonical
solution inevitably requires the verification of canonical and
near-canonical partial graphs, standard lexicographical check-
ers are forced into their worst-case performance. By adopting
Recursive Canonical Labeling (RCL), we achieved negligible
isomorphism overhead, enabling the first exhaustive enumera-
tion of Kochen-Specker sets extending the 25-ray SI-C closure
up to order 33. This framework allowed us to settle the unique-
ness of the Schütte set relative to the complete 25-ray core.
The SAT+NAUTY framework offers a practical solution for
combinatorial generation problems where symmetry handling
is the primary bottleneck and can generalize to other domains
requiring isomorph-free generation of complex combinatorial
structures.
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