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If a shape doesn't tile the plane, how 
convincingly can it pretend that it 
does?

(Non-)Tiling Theory







[Heesch 1968]







[Fontaine 1991]



A surround of  by  is a set  of copies 
of  such that 
•  is a topological disk; 
•  is in the interior of ; and 
•  and the  have pairwise disjoint interiors 

A -corona of  is  itself, and a -corona of  is a 
surround of a -corona of . 

The Heesch number of  is the largest  for which  
has a -corona.
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Heesch's Problem: for which positive integers  
does there exist a shape with Heesch number ?
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 [Mann 2001]H = 5



 [Bašić 2021]H = 6



Restrict attention to simple polyforms  
(e.g., polyominoes) 

Assume (or prove?) that  doesn't tile the plane. 
Compute all surrounds of . 
Compute all surrounds of the surrounds. 
… 

Report the largest number of layers you were 
able to generate in this enumeration.
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Computing Heesch numbers



There could be many partial surrounds that all fail 
because of an incompatibility deep in the search.

Backtracking hell
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Given a Boolean formula (using and, or, not, and 
any number of variables), is there an assignment of 
true or false to the variables that makes the formula 
true? 

Conjunctive Normal Form (CNF) 

A formula represented as an "and-of-ors"

(A ∨ ¬B ∨ ¬C) ∧ (¬D ∨ E ∨ F) ∧ (C)

andor not

Satisfiability (SAT)



Can a polyform be surrounded?



 is true if and only if the cell is 
occupied in a surround.
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Cell Variables



"Halo cells"

 is true if and only if the cell is 
occupied in a surround.

ci

Cell Variables



 is true if and only if the placement is 
used in the surround.

Si

Shape Variables



(c1) ∧ (c2) ∧ … ∧ (cn) Every cell in the shape's 
halo is occupied.

¬Si ∨ ¬Sj Overlapping placements 
can't both be used.∀Si ∩ Sj ≠ ∅

(¬ci ∨ Sk1
∨ Sk2

∨ … ∨ Skn
) If a cell is occupied, some 

placement must use it. containing ∀Skj
ci

Clauses



Cell variables 

 is true if and only if the cell is used anywhere in a 
solution. 

Shape variables 

 is true if and only if the th placement is used as 
part of a -corona.
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Checking for H ≥ n



1. The -corona shape is used 
2. A used placement occupies all of its cells 
3. An occupied cell must be used by some placement 
4. If two placements overlap, they cannot both be used 

5. Excluding the outermost layer, If a placement is used, its 
halo cells must be used 

6. If a placement is used at level , then some adjacent 
placement must be used at level  

7. Two placements whose levels differ by more than 1 
cannot both be used

0
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Clauses



1. The -corona shape is used 
2. A used placement occupies all of its cells 
3. An occupied cell must be used by some placement 
4. If two placements overlap, they cannot both be used 

5. Excluding the outermost corona (i.e., for ), If a 
placement is used, its halo cells must be occupied 

6. If a placement is used in a -corona, then some 
adjacent placement must be used in a -corona 

7. Adjacent placements whose coronas differ by more 
than  cannot both be used
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Clauses



Need to know up front that the shape doesn't tile 
the plane 

Build and run the SAT formula for progressively 
larger  until you fail 

Need to do work outside the SAT solver to suppress 
holes in the outermost corona

n

Notes



Polyominoes





Polyhexes





Polyiamonds





1. Keep going: more polyominoes, more polyhexes, 
more polyiamonds

Future Work



1. Keep going: more polyominoes, more polyhexes, 
more polyiamonds

Future Work

Tile smarter, not harder!



2. Other ambient grids

Convenient tricks to make sure you generate only 
non-tiling shapes.

Future Work



Joint work with Ava Pun, University of Waterloo



2. Less structured forms

Polyabolos Polydrafters

Eliminate shapes that tile, or just barrel through 
them

Future Work



High Heesch numbers
Finding patterns of shapes with high Heesch numbers 
could point the way towards shapes that tile aperiodically…



High Heesch numbers
Finding patterns of shapes with high Heesch numbers 
could point the way towards shapes that tile aperiodically… 

…or just wait for David Smith to send you the answer.



Aperiodic monotiles
Ask me about aperiodic monotiles!

The Hat, March 2023 The Spectre, May 2023



Thank you! 

csk@uwaterloo.ca 
www.cs.uwaterloo.ca/~csk 

@csk@mathstodon.xyz


